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Abstract. A necessary and sufficient condition of the possibihty of a deterministic 
LOCC transformation of three-qubit pure states is given. This condition is expressed 
as a transformation law of six entanglement parameters Jab, Jac, Jbc, Jabc, J5 
and Qq, where jab, Jac and Jbc are bipartite entanglements, Jabc is a tripartite 
entanglement, J5 is a tripartite parameter which means a kind of phase, and Qe is a 
new tripartite parameter which means a kind of charge. This fact shows that three- 
qubit pure states are a partially ordered set parametrized by the six entanglement 
parameters. The order of the partially ordered set is defined by the possibility of 
a deterministic LOCC transformation from a state to another state. In this sense, 
the present condition is an extension of Nielsen's work [14] to three-qubit pure 
states. We also clarify the rules of transfer and dissipation of entanglement. These 
rules guarantee that the tripartite entanglement can be transformed into bipartite 
entanglements, but that the bipartite entanglements cannot be transformed into the 
tripartite entanglement. This implies that the tripartite entanglement is a higher entity 
than the bipartite entanglements. With a new combination of the six entanglement 
parameters, the present condition can be simplified enough to determine easily whether 
a deterministic LOCC transformation from an arbitrary state |'(/') to another arbitrary 
state IV'') is possible or not. Moreover, the minimum number of times of measurements 
to reproduce an arbitrary deterministic LOCC transformation is given. This is an 
extension of Horodecki et al.'s work [24] to three-qubit pure states. 
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1. introduction 

Entanglement is known to be a promising resource which enables us to execute 
various quantum tasks such as quantum computing, teleportation, superdense coding, 
etc. [H El 131 H]. Quantification of entanglement is a very important subject. The 
quantification has been successful for bipartite pure states. Many indices such as the 
concurrence O [6l [7] and the negativity [8] have been proposed. Bennett et al. [13] has 
proven that all of them can be expressed by the set of the coefficients of the Schmidt 
decomposition [9l [TOl [TTl [12]. Based on the properties of this set, the following have 
been given: 

(i) an explicit necessary and sufficient condition to determine whether an arbitrary 
bipartite state is an entangled state or a separable state; 

(ii) an explicit necessary and sufficient condition to determine whether a deterministic 
LOCC transformation from an arbitrary bipartite pure state to another arbitrary 
bipartite pure state is executable or not [14J; 

(iii) an explicit necessary and sufficient condition to determine whether a stochastic 
LOCC transformation from an arbitrary bipartite pure state to an arbitrary set of 
bipartite pure states with arbitrary probability is executable or not [T5] : 

(iv) the fact that copies of an arbitrary partially entangled pure state can be distilled 
to the Bell states by an LOCC transformation, where the ratio between the copies 
and the Bell states is proportional to the entanglement entropy of the partially 
entangled state [T3] : 

(v) the fact that copies of an arbitrary partially entangled pure state can be reduced 
from the Bell states by an LOCC transformation, where the ratio between the 
copies and the Bell states is inversely proportional to the entanglement entropy of 
the partially entangled state [13]. 

Extension of the above to multipartite states has been vigorously sought, but this 
albeit it is a hard problem. It has been shown that the entanglement of three-qubit 
pure states is expressed by five parameters [HI [T7|. The tangle has been defined [18], 
which together with the concurrences gives a solution to (i) for three-qubit pure states. 
The tangle tabc has an important property that C\^q^^ = + C\fj + tabci where 
Cab is the concurrence between the qubits A and S, Cac is the concurrence between 
the qubits A and C, and Ca{bc) is the concurrence between the qubit A and the 
set of the qubits B and C. This property implies that the tangle is an index of the 
tripartite entanglement. The tangle can be expressed by the hyper-determinant |19j . 
The tangle and the concurrences between the qubits A and 5, A and C, and B and C 
can be expressed by the coefficients of the generalized Schmidt decomposition [20l [2T] . 
These facts imply that for three-qubit states, the concurrences and the tangle play 
the role which the Schmidt coefficients play for bipartite states. However, the results 
corresponding to (ii)-(v) have not been provided yet. 
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In the present paper, we obtain the following four results. First, a complete solution 
corresponding to (ii) for three-qubit pure states is given. To be precise, we give an 
explicit necessary and sufficient condition to determine whether a deterministic LOCC 
transformation from an arbitrary three-qubit pure state to another arbitrary state 

is executable or not. We express the present condition in terms of the tangle, 
the concurrence between A and 5, the concurrence between A and C, the concurrence 
between B and C, J5, which is a kind of phase, and a new parameter Qq, which means 
a kind of charge. We thereby clarify the rules of conversion of the entanglement by 
arbitrary deterministic LOCC transformations. Thus, defining the order between two 
states ^ by the existence of an executable deterministic LOCC transformation 
from \ip) to I?/''), we can make the whole set of three-qubit pure states a partially ordered 
set. To summarize the above, we find that three-qubit pure states are a partially ordered 
set parametrized by the six entanglement parameters. This is an extension of Nielsen's 
work [14j to three-qubit pure states. 

Second, as we already mentioned above we find a new entanglement parameter Qq. 
The new parameter has the following three features: 

L Arbitrary three-qubit pure states are LU-equivalent if and only if their entanglement 
parameters [jabc, Cab, Cac, Cbc, J5, Qe) are the same. 

2. The parameter Qq has a discrete value: —1, or 1. 

3. The complex conjugate transformation on {ip) reverses the sign of Qe- 

Third, we clarify the rules of conversion of the entanglement by deterministic LOCC 
transformations. We also find that we can interpret the conversion as the transfer and 
dissipation of the entanglement. 

Fourth, we obtain the minimum number of times of measurements to reproduce an 
arbitrary deterministic LOCC transformation. The minimum number of times depends 
on the set of the initial and the final states of the deterministic LOCC transformation; 
we will list up the dependence in Table [1] below. We also show that the order of 
measurements are commutable; we can choose which qubit is measured first, second 
and third. This is an extension of Horodecki et a/.'s work [2lj to three-qubit pure 
states. 

After completing the present work, we noticed other important results |25l [26l ETJ 
[281 [29l [30| [3T| [321 [33] which give partial solutions to (ii) for three qubits. In particular, 
two recent studies [28] and j33] are remarkable. The former p8] gives a necessary 
and sufficient condition of the possibility of a deterministic LOCC transformation of 
truly multipartite states whose tensor rank is two; the latter |33j gives a necessary and 
sufficient condition of the possibility of a deterministic LOCC transformation of W-type 
states, both using approaches different from the present paper. However, these studies 
have not achieved the complete solution to (ii) for three-qubit pure states. Specifically, 
they cannot determine whether a deterministic LOCC transformation from an arbitrary 
GHZ-type truly tripartite state to an arbitrary bipartite state is possible or not. Rules 
of conversion of entanglement have been provided only in implicit forms and explicit 
forms of the rules are yet to be given. 
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Let us overview the structure of the present paper. In section 2, we define 
parameters which are used in the present paper and examine how an arbitrary 
measurement changes the parameters. In section 3, we present Main Theorems in the 
present paper. In section 4, we overview how we prove the Main Theorems. In section 5, 
we prove three Lemmas which are often used in the present paper. In section 6, we prove 
Main Theorems. In this section, we furthermore obtain rules of entanglement transfer. 
The rules appear in sections 5, 6.1.1, 6.1.5 and 6.3.2. In section 7, we present an explicit 
protocol of determining whether a deterministic LOCC transformation from an arbitrary 
three-qubit pure state to an another arbitrary three-qubit pure state is executable or not. 
In Appendix, we summarize expressions which are often used throughout the present 
paper. 

2. Preparation 

In this section, we define the parameters that we use in the present paper. We consider 
only three-qubit pure states throughout the present paper. An arbitrary pure state \ip) 
of the three qubits A, B and C is expressed in the form of the generalized Schmidt 
decomposition 

IV-) = Ao |000) + Xie'^P |100) + As |101) + A3 |110) + A4 |111) (2.1) 

with a proper basis set [20]. Each component of these ket vectors represents an eigenstate 
of the corresponding qubit A, B or C. For example, in the case of |101), which is 
abbreviation of |1) ® |0) ® |1), the qubit A is in the eigenstate |1), the qubit B is in |0) 
and the qubit C is in |1). We will occasionally use the notation |1aOb1c) hereafter. The 
coefficients Aq, Ai, A2, A3 and A4 in (12.11) are nonnegative real numbers and satisfy that 
Ylt=o Ai = 1- Note that the phase can take any real value if one of the coefficients 
{\i\i = 0, 4} is zero, in which case we define the phase cp to be zero in order to remove 
the ambiguity. 

Two different decompositions of the form (12. ip are possible for the same state 
one with < (f < tt and the other with tc < (f < 2tt. These two decompositions 
are LU-equivalent; in other words, they can be transformed into each other by 
local unitary transformations. Hereafter, we refer to the decomposition (12. ip with 
< (/? < TT as the positive decomposition and the one (12. ip with tt < ip < 271 
as the negative decomposition. We also refer to the coefficients of the positive and 
negative decompositions as the positive-decomposition coefficients and the negative- 
decomposition coefficients, respectively. Therefore, a set of coefficients gives a unique 
set of states that are LU-equivalent to each other, whereas such a set of states may give 
two possible sets of coefficients: for 7^ 0, a set of positive-decomposition coefficients 
and a set of negative-decomposition coefficients are possible, while for (f = 0, only one 
set of positive-decomposition coefficients is possible. A set of LU-equivalent states and 
a set of positive-decomposition coefficients have a one-to-one correspondence. 
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We can use the coefficients of the generahzed Schmidt decomposition in order to 
define five entanglement parameters of {tp) as follows: 

JAB = A0A3, (2.2) 

Jac = A0A2, (2.3) 

JBC = |AiA4e*'^-A2A3|, (2.4) 

Jabc = A0A4, (2.5) 

^5 = A^(j|c + A^A^-A?AD, (2.6) 

where we can use either the positive-decomposition coefficients or the negative- 
decomposition coefficients: both give the same values of f l2.2p - fl2.6p . These parameters 
are real numbers; the parameters Jab, Jac, 3bc and Jabc are nonnegative, whereas the 
parameter J5 can take a negative value. The parameters jab, Jac, 3bc and jabc are 
square roots of the entanglement parameters J3, J2, Ji and J4 proposed in Ref. |20] . 
respectively. The parameters jab^ Jac, Jbc and j\BC are also related to the concurrences 
Cabi Cac and C^c [6] and the tangle tabc [IH] as follows: 

111 1 

Jab = 2^AB, Jac = 2^ac, Jbc = 2^bc, Jabc = '^^^bc- (2.7) 

The parameter J5 is equal to J5 in Ref. [20]. These five parameters are invariant with 
respect to local unitary transformations. The two parameters Jabc and J5 are tripartite 
parameters; these two parameters are invariant respect to permutation of the qubits A, 
B and C [20]. Hereafter, we refer to these five parameters as the J-parameters. 

In order to express Main Theorems of the present paper in simpler forms, we define 
three nonnegative real- valued parameters Kab, Kac and Kbc as follows: 

Kab=3\b+3\bc^ (2-8) 
Kac = 3\c + 3\bc. (2-9) 
Kbc = 31c+3\bc- (2.10) 

Then, the five parameters Kab, Kac, Kbc, Jabc and J5 are independent of 
each other and are invariant with respect to local unitary operations. We can 
substitute these five parameters as the entanglement parameters for the J-parameters 
Uab, Jac, Jbc, Jabc, Jb)- Let us refer to the new parameters {Kab, Kac, Kbc, Jabc, J5) 
as the /^-parameters. Note that J-parameters and /^-parameters have a one-to-one 
correspondence. 

We also define three parameters in order to simplify expressions which often appear 
in the present paper: 

Jap = JabJac^bc^ Kap = KabKacKbc, K^ = Jabc + -^5, (2-11) 

where the subscript ap is abbreviation of all pairs. Note that these parameters Jap, -ft'ap 
and i^s are not included in J-parameters or i^-parameters; these are only contracted 
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forms. By definition, Jap, -ft'ap and are invariant with respect to local unitary 
transformations as well as permutations of A, B and C. 

The coefficients of the generalized Schmidt decomposition (12.11) give a unique set 
of the J-parameters as in fl2.2l) - fl2.6p . However, when we specify the J-parameters, the 
decomposition coefficients still have the following ambiguity [221 123] : 
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Thus, there are four possible sets of coefficients for one set of J-parameters: the positive- 
decomposition coefficients {Xf,(p^\i = 0,...,4} and {X^,ip''\i = 0, ...,4} as well as the 
negative-decomposition coefficients {A^, = 0, 4} and {A^^, ip~\i = 0, 4}, where 
(fi^ = 2tt — Lf"^ with vr < < 2tt. A state with {Xf ^ip'^\i = 0, ...,4} is LU-equivalent 
to a state with {X^,if>^\i = 0,...,4}, while a state with {X~,ip~\i = 0,...,4} is LU- 
equivalent to a state with {Xf,(p^\i = 0, ...,4] 
possible positive-decomposition coefficients {A^, v?"* 
for a set of J-parameters. 

To eliminate this ambiguity further, we define the following new parameter, which 
we refer to as the entanglement charge: 

Jabc + "^5 



Therefore we can focus on two 
: 0, ...,4} and {X~,<^\i = 0, ...,4} 



Qe = sgn 



sm (p 



^0 - 



'^Ubc + Jabcj 



sgn 



smyj 



^0 



2K 



BC 



, (2.20) 



sgn[a;J 



(2.21) 



where sgn[x] is the sign function; 

x/\x\ (x 7^ 0), 
(x = 0). 

The entanglement charge Qe is equal for the positive- and the negative-decomposition 
coefficients of a state. Therefore, the parameter Qe is invariant with respect to local 
unitary transformations. The complex-conjugate transformation of a state does not 
change the J-parameters nor Aq, but reverses the sign of simp. Thus, the complex- 
conjugate transformation reverses the sign of Qe- As we have seen, the parameter Qe 
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Figure 1. The relation among the four sets of coefficients for Qe = 0. The real 
lines are always valid and the dotted lines are valid if and only if their conditions are 
satisfied. 



has characters that the electric charge has; hence, we refer to Qq the entanglement 
charge. 

As we show below, two states are LU-equivalent if and only if the J-parameters 
and the entanglement charge Qq of the two states are the same. If Qq 7^ 0, we 
can determine one positive-decomposition coefficients and one negative-decomposition 
coefficients uniquely from J-parameters and the entanglement charge Qq as follows: 

XI = %, (2.23) 



Jab 



Xi = '-ff, (2.24) 
XI = %, (2.25) 



^0 



, 2 Jab + Jac + Jabc 



= 1 - - ' ''['^^ ' , (2.26) 

Ar 



'0 

ZAi A2A3A4 

where + is + or — when {Xi,{p\i = 0, ...,4} is positive-decomposition coefficients 
or negative decomposition coefficients, respectively. Thus, if Qe 0, a. set of the 
J-parameters together with the entanglement charge Qe gives a unique set of LU- 
equivalent states. 

If Qq = 0, at least one of simp and Aj is zero because of (I2.12p and f l2.20p . If 
sinip is zero, {Xf,(p^\i = 0, ...,4} and {Xf,Lp^\i = 0,...,4} are the same. If A j is 
zero, {A^, ip'^\i = 0, 4} and {A^, Lp~^\i = 0, ...,4} are the same as {A~, ip~\i = 0, 4} 
and {X'[,(p~\i = 0,...,4}, respectively, because of fl2.12p . Thus, if Qe is zero, the four 
sets of coefficients {Xf,ip^\i = 0, ...,4}, {X^,ip~\i = 0,...,4}, {Xf,ip~\i = 0,...,4} and 
{X~,ip~\i = 0, ...,4} are LU-equivalent (Figured]). Thus, if Qe = 0, a set of the 
J-parameters gives a unique set of LU-equivalent states. Incidentally, a state is LU- 
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Paticle B 



Jbc 



Particle C 



Figure 2. A schematic diagram representing the entanglement parameters j^^, 
Jbc ^^'^ Jabc- 



equivalent to its complex conjugate if and only if its entanglement charge Qe is zero. 
The complex conjugate transformation of the state only changes the sign of (p. Thus, 
a state is LU-equivalent to its complex conjugate if and only if {A^, (p^\i = 0, 4} are 
LU-equivalent to {Xf,(p^\i = 0, ...,4}; this LU-equivalence is clear from Figured! 

For the reasons stated above, a set of the J-parameters together with the 
entanglement charge Qq gives a unique set of LU-equivalent states. In other words, 
two states are LU-equivalent if and only if the J-parameters and the entanglement 
charge Qq of the two states are the same. The J-parameters and ii'-parameters have 
a one-to-one correspondence, and thus it is also true that two states are LU-equivalent 
if and only if the i^'-parameters and the entanglement charge Qq of the two states are 
the same. Note that if Qq = 0, (12.221) may not hold; in fact, when sinip = A Aj ^ 
holds, (12.221) is not correct. 

We can interpret the entanglement parameters j^^, J^q and j^^* indices of 
the bipartite entanglements between the qubits A and B, A and C, and B and C, 
respectively, while the parameter j^^c index of the tripartite entanglement among 
the qubits A, B and C (Figure [2]) [18j. The entanglement charge Qq is a tripartite 
parameter, because Qq is invariant with respect to the permutation of the qubits A, B 
and C. This fact is shown in Appendix B. 

Then, what does the entanglement parameter J5 mean? It is not clear what J5 
means in the expression (12. 6p . but in another expression, we find that the entanglement 
parameter J5 is a product of Jab, Jac, Jbc and a geometric phase. In order to show 
this, let us rewrite J5 in the following form: 



Because A2A3 — A1A4COSV9 = Re(A2A3 — AiA4e*'^), the following inequalities hold: 



J5 = 2AoA2A3(A2A3 - A1A4COSV9) 

= 2jABjAc(A2A3 - A1A4 COSV?) 

A2A3 — A1A4 cosy? 




(2.28) 




< 



A2A3 — A1A4 cos (p 



< 1. 



(2.29) 



A2A3 - AiA4e^'^ 
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Hence, if jABjAcjBC = 0, then J5 = 0. Inversely, if jAB3Ac3BC 7^ 0, then 

J5 A2A3 — A1A4 COS<y9 



(2.30) 



'^3ab3ac3bc IA2A3 - AiA4e*'^| ' 
Therefore, if 3ab3ac3bc 7^ 0, we can define a phase < (/^s < tt as follows: 




(2.31) 



Let us refer to the phase ip^ as the entanglement phase (EP). 

The entanglement phase ^95 is invariant with respect to local unitary operations, 
because both of the parameters J5 and 3ab3ac3bc are. If 3ab3ac3bc = 0, the 
entanglement phase <^5 is indefinite. Hereafter, we refer to a state whose entanglement 
phase (/95 is definite as an EP-definite state and to a state whose entanglement phase y^s 
is indefinite as an EP-indefinite state. For an EP-indefinite state, at least one of Jab, 
Jac and Jbc is zero. 

The entanglement phase plays an important role in the present paper. Actually, 
we will see that the necessary and sufficient condition of a deterministic LOCC 
transformation depends on whether the initial and final states of the transformation 
are EP definite or EP indefinite. The parameters J5 and 3ab3ac3bc are invariant with 
respect to permutations of A, B and C, and so is the entanglement phase ip^. This is 
the reason why we did not define the entanglement phase as (A2A3 — AiA4COS(y9)|A2A3 — 
AiA4e*'''|~^; actually, (A2A3 — A1A4 cosv9)|A2A3 — AiA4e*'^|^^ is indefinite for jbc = 0, but 
not necessarily so for jab = or jac = 0. 

If the state is EP indefinite, its entanglement parameters J5 and Qq are zero, 
which we show below. Then, the number of the entanglement parameters of an EP- 
indefinite state reduces to four; two EP-indefinite states are LU-equivalent if and only 
if the sets of the four entanglement parameters {Jab, Jac, Jbc, Jabc) of the states are 
equal to each other. Now we show J5 = Qq = for an EP-indefinite state. If the state 
lip) is EP indefinite, 3ab3ac3bc = holds. Thus, the entanglement parameter J5 is also 
zero because we have | J5I < '^3ab3ac3bc from f l2.28p and f l2.29p . Next we show Qq = 0. 
Because of 3ab3ac3bc = 0, at least one of jab, Jac and Jbc is zero. If Jab = A0A3 or 
Jac = A0A2 is zero, there is a zero in {Xf\i = 0, ...,4}, and thus the phase ip is zero. If 
Jbc = |AiA4e*'^ — A2A3I is zero, the equation ip = also has to hold, because AiA4e"^ 
has to be a real number. Therefore, p = and hence Qq = as can be seen in flA.lQp . 
Thus, if the state \ip) is EP indefinite, the parameters J5 and Qe are zero. 

If the entanglement phase p>5 is definite, we can express the relation among ^95 and 
the other parameters Ai, A2, A3, A4, and Jbc as a triangle shown in Figure [3l We can 
derive this relation from (12. 4p . (I2.28P and (I2.3ip . This triangle plays a very important 
role in the present paper. Let us refer to this triangle as the entanglement triangle (ET). 

The height of the entanglement triangle in Figure [3] gives the following relation 
between the entanglement phase y^s and the phase (p: 



jBcsimp^ = +AiA4sin(y9, 



(2.32) 
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Figure 3. A schematic diagram of an entanglement triangle (ET). The double sign 
+ is + or — when {Ai, tp\i = 0, 4} is positive-decomposition coefficients or negative- 
decomposition coefficients, respectively. 

where the double sign + is -|- or — when {Xi,{p\i = 0,...,4} is positive-decomposition 
coefficients or negative-decomposition coefficients, respectively. From fl2.32p . we can 
derive the following useful relation: 

siny^s = simp = 0. (2.33) 

Let us show fl2.33p . Because now we have assumed that the entanglement phase 935 is 
definite, the J-parameter jsc must not vanish. Thus, fl2.32p is followed by the relation 
sin 995 = sin(y9 = 0. If simp^ = 0, on the other hand. Figure [3] implies that at least 
one of Ai, A4 and simp is zero. If Ai or A4 is zero, then one of {\i\i = 0, ...,4} is zero, 
and thus sin (p is also zero. Therefore, the relation fl2.33p holds. Incidentally, the length 
of the segment FG in Figure [3] gives another relation between the entanglement phase 
(p^ and ip: 

Jbc cos (p^ = A2A3 - A1A4 cos (p. (2.34) 

Next, let us observe how a measurement changes the entanglement parameters. 
When we perform a transformation which is expressed as 

^ = ( Mio Mn ) ' ^ ^' ^^-^^^ 

on the qubit A of a pure state (12. ip . the state {ip) is transformed into 

M \^) = (AoMoo |0) + AoMio |1) + Xie'^Moi |0) + Aie^^Mn |1)) |00) + A2(Moi |0) + Mn |1)) |01) 
+A3(Moi |0) + Mn |1)) |10) + A4(Moi |0) + Mn |1)) |11) . (2.36) 

Let us expand M in the form of the generalized Schmidt decomposition (12. ip . First, 
we define two pure states and |0^) as 



li:^) = (Moi |0) + Mn |l))/V|Moi|2+|Mn|2, (2.37) 
|0'^) = (M*i |0) - M*, |l))/v/|Moi|2+|Mn|2, (2.38) 
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where Mq^ denotes the complex conjugate of Mqi, and so on. Then, we have 
(0:,| (AoMoo |0)+AoM,o |l)+A,e-Mo, |0)+A,e-Mn |1)) = ^"^^""^^ ~ ff"'^"^ (2.39) 

V l^oil + l^iir 

(i:4| (AoMoo |0) + AoMio |1) + Xic'^Moi |0) + Aie^'^Mn |1)) 

^ Ao(MooM*, + MiqM*,) + Aie^niMpip + |Mnp) 
v/|Moi|2 + |MnP 
Hence we obtain the following equation: 

^ ^ AodetM Ao(MooM-, + M,oM-) + A,e-n|Mo,P + |MnP) 

+ v/|Moi|2 + |Mn|2(A2 11:401) + A3 11:^10) + A4 11:411))- (2.41) 
We can still change the phase of [0:4). Thus we define |0:^^) as follows: 



AndetM , , , AnVdetMtM , ,, , , , 

, ° = 0^00 = , ° = 0^00 . 2.42 

Because the states |0:^) and [1:4) are orthogonal to each other, we obtain 



^ ^ Ao det ^/^m Ao(MooM*, + MipM-J + X,e^^i\Mo,\^ + |MnP) , ^ 

v/|Moi|2+|MnP ^ V|Moi|2+|MnP ^ 



+ V|Moi|2 + |Mn|2(A2 11:401) + A3 11:410) + A4 11:411))- (2.43) 

We thereby achieve the generalized Schmidt decomposition of M {ip) except for 
normalization. 

We can express each coefficient of the generalized Schmidt decomposition f l2.43p of 
M \ above solely by the components of M'^M: 



M*o M*o \ / Moo Moi 
M*! M*i i I Mio Mn 



(2.44) 



I Moo P + I Mio P M*oMoi + M*oMn 
Mo^Moo + M*iMio |Moi |2 + |Mn |2 

Thus we can define real parameters a, b, k and 6, which we refer to the measurement 
parameters, as 

y ke'^ b 

ab - k^ > 0, a >0,b>0,k> 0,0 < 9 <27r (2.45) 
to express M lip) in (12.431) as 



+A2V^ 11:401) + AsVfe 11:410) + X^Vb 11:411) . (2.46) 
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Now, let us define a measurement {M(j)|z = l,...,n} to substitute for the above 
transformation M, where the subscript {i) denotes the ith measurement result out 
of n possible results. (Hereafter, all the superscripts and subscripts in parentheses 
will indicate the order in the observational result.) We can define the measurement 
parameters a(i), and 9(i) for the measurement M(j) as in f l2.45p for the 

measurement M. Besides, the probability that the result i comes out from the 
measurement {M(j)} is given by 



\ 2 



Ao)%) + 2XoXik(^i) cos (6'(i) - (f). 



Therefore, we can define the normalized states {jV'''*'')} &s 



/Pii) 



(2.47) 



(2.48) 



Let the notations Aq ■* , A^*'' , A2 , A3 , A4 ^ and yj^*^ denote the coefficients of the generalized 
Schmidt decomposition of j-?/'*^*'') after the normalization (I2.48p . From fl2.46p and f l2.48p . 
we have 



A, 



Ar 



A, 



A 



A, 



A 



(2.49) 
(2.50) 
(2.51) 
(2.52) 
(2.53) 



The equations fl2.49p - fl2.53p give how the entanglement parameters jabi Jac, Jbc, 
Jabc and J5 change when a measurement M(j) is performed on the qubit A. First, we 
show the change of the entanglement parameters Jab, Jac and Jabc- They are only 
multiplied with the same constant when a measurement M(j) is performed on the qubit 
A: 



Jab - 
■« 

Jac - 
■« 

Jabc 



(y^'^jAB, 
a^^jAc, 

= a^'^ABC, 



(2.54) 
(2.55) 
(2.56) 
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where the multiphcation factor is defined by 



= ^ -. (2.57) 

P{i) 

From fl2.54p -f l2.56p . we can also obtain the change of i^'-parameters 

K% = {a^^fKAB, K% = {a^'^fKAc. (2.58) 
Second, we also express the change of the entanglement parameter jbc as follows: 

P{i)3% = |AoA4%)e*'« - (A2A3 - AiA4e*'^)%)| 
= \hi)3ABce''('^ - jBchi)e-'^'\ 

= |%)jABce*^''''+^^^ - jBC&wl, (2.59) 
where the real number (p^ is defined as 

e-'^' = (2.60) 
IA2A3 - AiA4e*^| 

The inequalities < ip < it give < (^5 < vr. Thus, if the entanglement phase 
ip5 defined in fl2.3ip is definite, ip^ = +(^5 holds, where the double sign + is + or — 
when {Aj, ip\i = 0, 4} is positive-decomposition coefficients or negative-decomposition 
coefficients, respectively. 

Finally, we analyze the change of the entanglement parameter J5. We have shown 
in f l2.28p that the entanglement parameter J5 can be expressed as J5 = 2jABjAci^2^3 — 
AiA4Cosv5). We already know that the entanglement parameters Jab and Jac change 
as in f l2.54p and fl2.55p . We only have to examine how the quantity A2A3 — AiA4COS(/3 
changes. From fl2.50p - fl2.53p . we have the following equation: 

P{i){^2^^3^ - Xi^X^4^ COSip^'^) = &(i)(A2A3 - A1A4COSV?) - %)AoA4COS%). (2.61) 

If the state \ip) is EP definite, the equations (12. 5p and fl2.34p enable us to rewrite fl2.6ip 
as the transformation of the entanglement phase (p^. 

P{i)jBC cos ^ = fe(i)jBC cos ip>5 - k(i)jABC COS 6'(i). (2.62) 

We thereby find how the entanglement parameter J5 changes. 

We can summarize the equations f l2.50p -f l2.52p . fl2.59p and f l2.62p as a 
transformation of the entanglement triangle (Figure H]). From this figure, we find that 
^(i)e*^'''jABC can be interpreted as a vector. Hereafter, the notation stands for 

We can also express the change of the average of jBccomp^. Because {M(j) 
1, is a measurement, we have 



Y,MlM^^ = I, (2.63) 

i=l 

where / is the identity matrix. From (12. 63 p . we have equations that the measurement 
parameters /c(j), a{i) and b(i) must satisfy: 

n 

J2 h) = 0' (2-64) 

i=l 
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P(i)>J'>2}J''3=b(i)k2X3 



Figure 4. Entanglement triangle of M^*) 



E«» = E^» = 1- (2.65) 

i=l i=l 

From (EEH), firoi) and (EES]), we obtain 

n 

Y,P{i)i^?^'i' - A^Afcosv^^^)) = A2A3 - AiA4Cos(^. (2.66) 

i=l 

If the state is EP definite, from f l2.34p we obtain 

n 

P(i)& COS = JSC COS If 5- (2.67) 

j=i 

Tlie equation (12.641) gives another useful equation: 

n n 

Xlm^P^f sinypW = ^6(i)APAf siny^W + %)A{,^^aJ^ sin%) = AiA4sin(/?. (2.68) 

i=l 1=1 

Incidentally, since each of Ml^-^Mii) is a positive operator, the measurement parameters 

a(^i),h(^i)^k{^i) must satisfy 



0'(i)b(i) 



> 



(2.69) 



and 



%) > 0. (2.70) 

Note that Ml^^M{i) are positive operators if and only if fl2.69p and f l2.70p holds. In order 
to show this, we only have to see that we can reduce (12.690 and (I2.70p into a(i) > and 
that the inequalities a(j) > 0, ( 12.69P and ( 12.700 hold if and only if the eigenvalues of 
M^^.^M(j) are positive, namely M^^^^M(j) is a positive operator. 
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Particle A Particle A 




PaticleS Particle C PaticIeB Particle C 

(a) (b) 
Figure 5. The concepts of (a) a biseparable state and (b) a double-bipartite state. 

Finally, we define the names of types of states. We refer to a state whose jabc is 
nonzero or whose jab, Jac and jsc are all nonzero as a truly tripartite state. We refer to 
a state which has only a single kind of the bipartite entanglement as a biseparable state 
(Figure |5]^a)). We refer to a state which has only two kinds of the bipartite entanglement 
as a double-bipartite state (Figure EJ^b)). An EP-indefinite state with Jabc 7^ and an 
EP-definite state are truly tripartite states. A truly tripartite state is an EP-indefinite 
state with Jabc 7^ or an EP-definite state. A biseparable state and a double-bipartite 
state are EP indefinite with Jabc = 0. An EP-indefinite state with jABC = is a 
biseparable state or a double-bipartite state. 

3. Main Theorems 

There are two Main Theorems in the present paper. 

First, we define terms which are often used in the present paper. Hereafter, we refer 
to a measurement which produces n possible results as an n-choice measurement. We 
refer to an LOCC transformation whose results can be transformed into a unique state by 
local unitary operations without exception, as a deterministic LOCC transformation. 
Similarly, we refer to a local measurement whose results can be transformed 

into a unique state by local unitary operations without exception, as a deterministic 
measurement (DM). We refer to a transformation from a state to another state 
with the probability one by a single DM on a single qubit followed by local unitary 
transformations, as a deterministic measurement transformation (DMT). We refer to 
a DMT whose DM is a two-choice measurement, as a two-choice DMT. Let us label 
DMTs by the qubit on which the corresponding DM is performed. For example, we 
refer to a DMT whose DM is performed on the qubit A, as an A-DMT. Moreover, we 
refer to a transformation which transforms a state to another state with the probability 
one by sequential operation of two-choice DMTs, as a constraint LOCC transformation 
(C-LOCC transformation). 

Next, we introduce Main Theorems in the present section. Main Theorem 1 is 
written in terms of the fT-parameters and Qq as follows: 



Main Theorem 1 Let the notations and stand for three- qubit pure states. We 
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refer to the sets of the K -parameters of lip) and {ip') as {Kab, Kac, ^bc, Jabc, J5,Qe) 
and {K'^Q, K'^fj, K'^Q, j'^^Q, J'^,Q'q) , respectively. Then, a necessary and sufficient 
condition of the possibility of a deterministic LOCC transformation from \iJj) to 
is that the following two conditions are satisfied: 

Condition 1: There are real numbers 0<^a<1;0<Cs<170<Cc<1 o^nd 
Slower — C ^ 1 which satisfy the following equation: 



(3.1) 



/ K'as 






( CaCb 


\ 


( Kab 


\ 


K'ac 








CaCc 


Kac 




K'bc 




= c 




CbCc 


Kbc 




3 ABC 








CaCbCc 


Jabc 




\ 4 


) 




\ 


CaCbCc J 


\ J5 


J 



where 



Clc 



J, 



ap 



(3.2) 



'^^^^ {Kab - CcPabc) {Kac - CbjIbc) {Kbc - CajIbc) ' 
and we refer to C, Ca, Cb and Cc a* the sub parameter and the main parameters of A, 
B and C , respectively. 

Condition 2: If the state is EP definite, let us check whether the denominator 

of 



c 



Kap{4:Jap 



4) 



^jJap 



(3.3) 



Kap{4:Jap - + ^j{Kab - Cc3abc){Kac - Cb3abc){Kbc - CcJabc) 

vanishes or not. We refer to the parameter C as the C specifying parameter. When the 
denominator of the C specifying parameter C is not zero, the condition is 

Qe = Q'e and C = C (3.4) 
When the denominator of the C specifying parameter C is zero, the condition is 

\Q'e\ = sgn[{l - C){C - Clower)]^ (3-5) 
or in other expressions. 



Q'e 



= (C = 1 or C = Clower)^ 
7^ {otherwise). 



(3.6) 



Hereafter, when the denominator of the ^-specifying parameter C of state is zero, 
we refer to the state as ^-indefinite, and when the denominator of the ^-specifying 
parameter C of a state is not zero, we refer to the state as (^-definite. The sub parameter 
of a deterministic LOCC transformation from a ^-definite state to an EP-definite state 
is uniquely specified by the main parameters; this is the reason why wc call C the C~ 
specifying parameter. The (^-specifying parameter has another important feature; an 
arbitrary deterministic LOCC transformation from a ^-definite state to an EP-definite 
state converses the entanglement charge. 

Main Theorem 1 and its proof give the rules of the entanglement change by 
an arbitrary deterministic LOCC transformation. Main Theorem 1 also gives an 
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Table 1. The minimum number of times of measurements to reproduce an arbitrary 
deterministic LOCC transformation. For the terminology, see the last paragraph of 
section 2. 



Initial state 



Final state 



Truly tripartite state 
Truly tripartite state 
Double bipartite state 
Double bipartite state 
Biseparable state 
Full-separable state 



Times 



Truly tripartite state 3 

Biseparable state or full-separable state 2 

Double bipartite state 2 

Biseparable state or full-separable state 2 

Biseparable state or full-separable state 1 

Full-separable state 



explicit protocol of determining whether there is an executable deterministic LOCC 
transformation from an arbitrary three-qubit pure state to another arbitrary three-qubit 
pure state. 

Main Theorem 2 shows that we can reproduce an executable deterministic LOCC 
transformation from an arbitrary state to another arbitrary state by performing 
deterministic measurements three times at most. 

Main Theorem 2 If a deterministic LOCC transformation is executable, we can 
reproduce the LOCC transformation by performing local unitary operations, a 
deterministic measurement on the qubit A, one on the qubit B and one on the qubit 
C. 

Main Theorem 2 and the proof of Main Theorem 1 give the minimum number 
of necessary times of measurements to reproduce an arbitrary deterministic LOCC 
transformation, as listed in Table [1] 

4. The Summary of the Proofs 

In this section, we overview the structure of the proofs of the Main Theorems. We prove 
Main Theorems 1 and 2 simultaneously in the section 6 in the following three steps: 

Step 1 We give a necessary and sufficient condition of the possibility of a two-choice 
DMT which transforms an arbitrary state to another arbitrary state 

Step 2 We give a necessary and sufficient condition of the possibility of a C-LOCC 
transformation from an arbitrary state \ip) to another arbitrary state We also 
prove that we can reproduce an arbitrary C-LOCC transformation by performing 
an v4-DMT, a S-DMT and a C-DMT, successively. 

Step 3 We show that we can reproduce an executable deterministic LOCC 
transformation from an arbitrary state to an arbitrary state \ip') by a C-LOCC 
transformation. Conversely, we can reproduce a C-LOCC transformation by a 
deterministic LOCC transformation, because a C-LOCC transformation is also a 
deterministic LOCC transformation. Then, we find that the condition given in Step 
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Table 2. The correspondence between the proofs and the sections. 



Case 


Step 


Section 


Case 21 


Step 1 


6.1.1 




Step 2 


6.1.2 




Step 3 


6.1.3 


Case *B 




6.2 


Case £ 


Substitution for Step 1 


6.1.1 and 6.3.1 




Step 2 


6.3.2 




Step 3 


6.3.3 


Case D 


Steps 1-3 


6.4 



2 is also a necessary and sufficient condition of tlie possibility of a deterministic 
LOCC transformation and that we can reproduce an arbitrary deterministic LOCC 
transformation by performing an A-DMT, a 5-DMT and a C-DMT, successively. 

All the deterministic LOCC transformations are categorized into any of the following 
cases determined by the initial and final states: 

Case 21: Both of the initial and final states are EP definite and the parameter Jabc of 
the initial state is not zero. 

Case The initial state is EP definite and the final state is EP indefinite. 

Case €: The initial state is EP indefinite and the parameter Jabc of the initial state 
is not zero. 

Case D: The parameter Jabc of the initial state is zero. 

We carry out the proof by performing the above three Steps in Cases 21 and D. In Case 
we can prove Main Theorems 1 and 2 directly, not following the three Steps. In Case 
C, we go to Step 2 directly before Step 3. 

The correspondence between the proofs and the sections is shown in Table |2j 

5. Five useful lemmas 

In this section, we prove five lemmas which we use to show Main Theorems. 

Lemma 1 An arbitrary n-choice measurement {M(j)|i = 1, ...,?t,} which is operated on 
the qubit A of an arbitrary three-qubit pure state \ipABc) can be reproduced by local 
unitary operations and two-choice measurements such as {M^'^^li = 1,2}. 

Proof: We show the present Lemma by mathematical induction with respect to n. 
If n = 2, this Lemma clearly holds. We prove the present Lemma for n = + assuming 
that the present Lemma holds whenever 2 < n < k. It suffices to prove that we can 
reproduce a (A; + l)-choice measurement {M(j) |i = 1, + 1} by performing a fc-choice 
measurement {M(i), ...M^^-i), ^(fc)}, a two-choice measurement {iV(i)|/ = k, k -\- 1} and 
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local unitary operations successively. In other words, it suffices to define the matrices 
M(^k), ^(fc) and A''(fe+i) which satisfy the following equations: 

M(\)M(i) + ... + Mj,_,)M(fc_i) + M(i)M(fc) = /, (5.1) 

N^N^k) + iV(Ui)^(fc+i) = ^> (5-2) 
KK)Nik)M^k) = Ml^M^,^, (5.3) 

M(i)iV(Ui)%+i)%) = K^i)Mik+i)- (5-4) 

Incidentally, it is correct that (15. 3p and (15. 4p are not in the forms of N(^k)M(^k) = ^(fc), 
but in the above forms. The reason is that the change of the coefficients of the general 
Schmidt decomposition {Xi,(p\i = 0, ...,4} depends only on the components of M'j^^-^M^i) 
and that it is possible to transform to each other two states with the same entanglement 
parameters by local unitary transformations. 

Henceforth, we explicitly give the matrices M(fc), Ni^k) and A''(fc+i) which satisfy 
fl5.ip - fl5.4l) . First, we define a matrix M(fc) as follows: 



^ik) = V<)^(^) + Mlk+i)Mik+i). (5.5) 

It is clear that this matrix M(fc) satisfies ( 15. ip because {M(j)|i = + 1} is a 

measurement. We can take the square root of the matrix M^^^^M(fc) + M^^^^-^-jM(fc+i) 
in (15.51) . because M^^^^M(fc) + M^^^_(_-,^^M(fc+i) is a positive operator. 

Next, in order to give the expressions of the measurements N(k-) and A''(fc+i), we 
define ^ as a subspace spanned by the basis of the eigenspaces of the matrix M(k) 
with positive eigenvalues. Because the matrix M(fc) is a positive operator, the equation 
V = V ® K holds, where V is the total space and K is the kernel of M(fc). If a vector 
X & V satisfies M(fc)X ^ 0, then x E V. (Proof: Let us assume x ^ V. Then x E K , and 
hence x^ ^M^^^^M(fc) + Mj^f^_^-^^M(^k+i)j x = 0. Therefore, x^ Mjf^^M(^k-^x = 0. This means 

that M(fc)X = 0, and thus we have shown the contraposition.) In the same manner, if 
the vector x E V satisfies M(fc+i)X 7^ 0, then x E V. 

Now, we define a matrix M^^^ by restricting the matrix M(fc) to the subspace V. 
The matrix M^^^-^ is a regular matrix, and hence it has the inverse matrix {M^f^^)~^. 
Similarly, we define the matrices (M^^^^M(fc))^ and (M^^^_(_-,^^M(fc+i))^ by restricting the 
matrices M^^^^M(fc) and M^^^_(_-,^^M(fc+i) to the subspace V, respectively. 

Let the notation (ci, ...,e;) stand for the eigenvectors of M(fc) which constitute an 
orthonormal basis set of the subspace V and let the notation (q+i, e„) stand for 
an orthonormal basis set of the kernel K. Then, the set of (ei, q+i, e„) is an 
orthonormal basis set of the total space V. Hereafter, we carry out the present Lemma's 
proof in the representation of this basis set. 
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Let the notation {r]i, ...,t]i) stand for the set of the nonzero eigenvalues of the matrix 
Mj^)M(fc) + Mj^_^^)M(fc+i). Then we have 

/ ■■■ \ 



M, 



(k) 



\ ■■. \ O 

••• 

O O ) 

o o 



We define the matrices N(^k) and A''(fc+i) as 



o o 



(5.6) 

(5.7) 
(5.8) 



It follows that 



O I 



O I 



{Mf ^ ^ 



t r 



o 



(5.9) 
(5.10) 



O 
I 



.(5.11) 



In the present representation, we have from (15. 7p 



\ 

(M/,^,)M(,+i))^ + (M/,)M(,)) 



(5.12) 



Vi ^ ) 



\ 



Vi J 



(5.13) 



ml 



r 



k)) 



\ 



(5.14) 



Vi ^ ) 



Then (15.1 ip reduces to (15.20 . We can also prove the equations (15. 3p and (15.40 by 
straightforward algebra. □ 

Thanks to this Lemma, it is possible to substitute two-choice measurements for 
any measurements of an LOCC transformation on a three-qubit pure state. Hereafter, 




Figure 6. A geometric interpretation of the change of Jbc- 



unless specified otherwise, measurements of LOCC transformations will be two-choice 
measurements. We will also refer to a two-choice measurement, a two-choice DM and a 
two-choice DMT simply as a measurement, a DM and a DMT, respectively. Similarly, 
unless specified otherwise, the notation {M(j)} expresses a two-choice measurement. We 
then express M^p-|M(o) and M^^-^-|M(i) as 



mLM(- 



'(l)JW(l) 

in the same manner as in f lA.31|) . 



0(0) 






&(0) 








&(i) 




1 - a -ke-'^ 
-ke'^ 1-b 



(5.15) 



(5.16) 



Lemma 2 Let the notation {M(i)|i = 1,2} stand for an arbitrary two-choice 
measurement which is operated on the qubit A of a three-qubit pure state lipABc)- 



We refer to each result of the measurements {M(j)|z = 1,2} as 



notations (jAB,3Ac,jBC,3ABC,Jb,Qe) and (j%,j%,j%,jABC'Jt''Q'^e) stand for the sets 
of the J-parameters of the states lipABc) and 
inequalities hold: 



(0 \ 
ABC J- 



Let the 



'ip^ABC ) ' i"Gspectively. Then, the following 



jBC < J2p(^^^BC 



< 



Jbc 



,fc=0 



a 



AbCi 



(5.17) 



where the probability p(^i) and the multiplication factor a*-*) are defined in ( A . 34^ and 



l{A.45\ ), respectively. 

Proof: The average ^]-QP{i)jBc equal to the length of the heavy line in Figure El 
because we can interpret ( IA.44P as the cosine theorem and because 6(o) + = 1 and 
Si = 0. The end points of the heavy line have to coincide with the end points of the 
segment RS because ^ ■ A;(j) = 0. Then, the left inequality Jbc ^ Yli=i Pds^c clearly 
holds, since a polygonal line is longer than a straight line. 
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R 



Figure 7. Simplification of Figure |6l 



To prove the right inequahty of this Lemma, it suffices to show the inequahty 
V (bjBC + k cos OjABcY + sin OjabcY + a/[(1 - h)jBc -kcosOjABC? + {ksmOiABcY 



< \JfBC + {1 - [v/^^^+ (5.18 
under the conditions a6 - A;^ > 0, (1 - a)(l - 6) - A;^ > 0, < 6* < 27r, < a < 1 and 
< 6 < 1, where we used the substitutions of the measurement parameters in (IA.32I1 
and dAiM]): 



a(o) = a, 0(1) = 1 -a, 6(o) = 6, %) = 1 - 6, 6'(o) + f^s = tt - 6*. (5.19) 

The fact that 9 can take any value guarantees the last substitution. 

Let us find the value of 9 which maximizes the left-hand side of (15.181) with the 
values of the measurement parameters a, h and k fixed. For this purpose, we find the 
value of the measurement parameter 9 which maximizes the length of the heavy line in 
Figure [71 

f[9) = Vu^ + w^ + 2uw cos 9 + Vv^ + - 2vw cos 9, (5.20) 

with the values of u, v and w fixed. Differentiating fl5.20p with respect to 9 gives the 
following equation: 

df —uwsm9 vwsm9 

—— = —;^^^^^^=^^^^^^= + ^^^^^^^^^^^^^^= . (5.21) 

d9 + iLi2 _|_ 2uw cos 9 y/v"^ + w'^ — 2vw cos 9 

The equation f l5.2ip is equal to zero only if 6' = or vr, or cos^^ = w{u — v)/2uv. 
The length of the heavy line for 9 = 7r/2 is longer than that for ^ = and vr. Thus, 
when cos 6* = w{u — v)/2uv, the function / is maximized to be {u + v)^yl + w"^ /{uv). 
Substituting u = bjBc, v = {1 — b)jBc and w = kjABC give that 



the maximum of the left-hand side of (15181) = y j^^ + yj^^- (5.22) 
Hence, in order to prove Lemma 2, it suffices to show 

(the right-hand side of f l5.18p )^ — (the maximum of the left-hand side of f l5.18p )^ 
= ^^l_^ah-e + {l-a){l-h)-e + 2v/^6^V(l-a)(l-6)-fc2] } - 
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a + b-2ab + 2k' 



6(1 - b) 



2Vab - k^y/{l - a){l - b) - 



3 ABC — 0' 



(5.23) 



or to show 



a + b-2ab + 2k- 



k' 



6(1 - b) 

We can rewrite the left-hand side of fl5.24p as 



> 2Vab - A;V(1 - - b) - k^- (5.24) 



a + 6 - 2a6 + 2k' 



6(1 - 6) 



262 - 26 + 1 2 
6(1-6) 
6 1-6 



a(l - 6) + 6(1 - a) 
a(l-6)+6(l-a) 



(l-a)(l-6)-A;2 ,^ab-k'^ 



1-6 
+ (!-&)■ 



(5.25) 



1-6 ^ ' b 

Because ab — k"^ > and (1 — a) (1 — 6) — A;^ > 0, we find that the left-hand side of (15.241) 
is nonnegative. The right-hand side of fl5.24p is clearly nonnegative. Therefore, (15.241) 
is equivalent to (7 > 0, where 

g = (the left-hand side of (^M)? - (the right-hand side of (IS21)^.(5.26) 

We can simplify the expression of g as follows: 



g = [a(l - 6) + 6(1 - a)f - 2 [a(l - 6) + 6(1 - a)] 



b' + {l- hf^, ^ [&^ + (l-y]' ,4 



-4a6(l - a)(l - 6) + 4 [ab + (1 - a)(l - 6)] A;^ - Ak^ 
= [a(l - 6) - 6(1 - a)f + 2 [a(l - 6) - 6(1 - a)] 



6(1 - 6) 



(a - 6) + 



62(1 - 6)2 
[b'-{l-bn\4 

(5.27) 



6(1 - 6) 62(1 - 6)2 

AJ^ 

6(1 - 6) 

Thus, the quantity g is nonnegative. Hence we have proved the right inequality of (I5.17P 
and thereby completed the proof of Lemma 2.0 
Lemma 2 has the following corollary: 

Corollary 1 Let the notations and {tp') stand for three- qubit pure states. We refer 
to the sets of the J -parameters of \ip) and \tp') as {jAB,jAc,jBC,jABC,J5,Qe) o^nd 
Wabi 3'aci Jbci Jabci "^5; Q'e) ' respectively. If a two-choice A-DMT transformation from 
the state to the state is possible, the following three inequalities hold: 

(5.28) 



3bc ^ ^'bc = Jbc + j'abc ^ ^Bc = 3bc + 3abci 



A' 



norm — ^4 



- AKabKacK'bc > A. 



(5.29) 
(5.30) 



where ( 15. 28\) holds only when both of the states {ip) and are EP definite, and where 
^ = JabcI JABC- The symbol A'^^^^^ refers to a normalized value of A'j. 
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Proof: Because of Lemma 2, (IA.40p -( lA.42p and because the entanglement parameters 
of the final states of a DMT are the same, the expressions 



JBC < j'bc < \l3lc + (1 - «')j1bc> (5-31) 

Jab = c^'Jab, (5-32) 

fic = o?3\c (5.33) 

hold, where a = Jabc/ Jabc- Because of (1A.48I1 and because the entanglement 
parameters of the final states of a DMT are the same, we have 

Jbc cos v?5 = Jbc cos v^s- (5.34) 
From fl5.3ip and f l5.34p . we can derive f l5.28p and f l5.29p as follows: 

■12 -21 -12 -12 2/^-2 -2 2 ■2-2 /r- otx\ 

Jscsm ^5= Jbc - Jbc'^os ^5 > Jbc - Jbc ^os (^5=JBcSin <^5, (5.35) 

■2 ^ -12 ^ ■/2 I ■/2 j^i ^ '2 I /I 2\ -2 I 2 -2 

3bc — 3bc — 3bc + 3 ABC — ^bc — 3bc + l^J- — " )3abc + ^ 3abc 

= Jbc + J ABC = Kbc- (5.36) 

Because of J5 = abJ ac Jbc cos ip^ and fl5.3ip - fl5.34p . we obtain 

4 = aVs. (5.37) 

From fl5.32p . (15.330 . f l5.37p and definition of the a, we obtain 

K'ab = a^KAB, K'ac = a^KAc, K'^ = a^K^- (5.38) 

From ^5M\f and ^Ml, we obtain flCT]) : 



K 



norm - ^4 " 

= Kl - AKabKacK'bc > Kl - AK^^ = Aj. (5.39) 
This completes the proof of Corollary 1. □ 

Lemma 3 For an arbitrary two-choice measurement {M(j)|i = 0,1}, the following 
inequality holds: 
1 

< 1, (5.40) 

fc=0 

where p(i) and a*^*^ are defined by ^A.34\ and [ A. respectively. 

Proof: Since the measurement {M(j)|i = 0, 1} is a two-choice measurement, we use 
the measurement parameters a, b, k and 9 defined in flA.32p and flA.33p . Using these 
parameters, we can express f l5.40p to be proved as follows: 



+ ^/(T^'a)iT^^}^^l^ < I. (5.41) 

In order to prove fl5.4ip . it suffices to show the following inequality because fc^ is 
nonnegative: 

v/(l -a)(l -6) < 1, (5.42) 
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which is followed by 

ab+{l- a)(l -b) + 2^/ab{l - a)(l - b) < 1, 

2^/ab{l - a)(l - b) < 1 - a6 - (1 - a)(l - b) = a(l - 6) + 6(1 - a). (5.43) 

The both sides of f l5.43p are nonnegative, and thus it suffices to show 

(a + 6-2a6)2 > 4a6(l -a)(l -6) (5.44) 

in order to prove the present Lemma, which can be achieved as follows: 
(a + 6 - 2abf - 4a6(l - a)(l - b) 
= a^ + b^ + 2ab + Aa%'^ - Aa% - Aab^ - Aab + Aa% + 4a6^ - Aa%^ 
= (a-6)2>0. (5.45) 

Thus, (ESD holds, so does f ODIl .D 

Lemma 4 Let the notations {Jab, Jac, Jbc, Jabc, ^5, Qe) and (j'^Bi Jac^ Jbc^ Jabc^ 4, Q'e) 
stand for the sets of the J -parameters of arbitrary three-qubit pure states |0) and \(f)'), 
respectively. If Aj = A Q'q = or is EP-indefinite and if there is a parameter a 
which satisfies < a < 1 and 



( 



Jab 

3 AC 

Jbc 

3 ABC 



\ 



( 



a 



\ 



a 



1 1 



a 



a 



\ 



\ 4 / 

then we can carry out an A-DMT from the pure state 
following measurement: 



( 



Jab 

J AC 

Jbc 

J ABC 



\ 



(5.46) 



V J5 / 

to the pure state by the 



0.(0) 


fc(o)e-^^(o) 




bio) 


a(i) 






b(i) 



<)^(o) = 

where the measurement parameters a, b, k and 9 are defined as follows: 
1 {l-2a'^)\ismip 




2 2y/\lsm'^ + Xl{l-a^) 



+ 



Ai sin ip 



2 2v/A2sinV + A2(l 



And 



a 



TT 

2' 



//A2sinV + Ag(l - a') 
k = y/T^^/2. 



0, the parameters a, b and k are defined by a = b 



(5.47) 
(5.48) 

(5.49) 
(5.50) 

(5.51) 

(5.52) 
1/2 and 
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A two-choice DM is performed 
qubit A 




jBC + (l-0?)jABC 

qubit B qubit C 

Figure 8. Dissipationless entanglement transfer. 

Comment: We can interpret the above as the rule that describes how a DMT 
changes the entanglement. When we perform an A-DMT which satisfies the condition of 
Lemma 4, the change of the entanglement is given by (15.461) . We can express this change 
as in FigurelHl After an A-DMT, the four entanglement parameters, j^^, j^^Q and 
J5, the last of which does not appear in Figure El are multiplied by a^. Note that these 
four entanglement parameters are related to the qubit A, which is the measured qubit 
in the A-DMT. The quantity (1 — a'^)j\BCi which is the entanglement lost from j^BC^ 
is added to Jbc^ which is the only entanglement parameter that is not related to the 
measured qubit A. We call this phenomenon the dissipationless entanglement transfer 
and call the DMT which gives rise to the dissipationless entanglement transfer as a 
disspationless DMT. (We will present the dissipative entanglement transfer in section 
6.1.1 below.) Note that Lemma 4 holds even if Jabc = 0. 

Proof: We prove the present Lemma by calculating the change of the J- 
parameters due to the measurement which satisfies (I5.47l) - (l5.52p . and showing that 
the change is expressed as ( I5.46p . We define the normalized states as 
= M(,) 10) and let the notation (JaL Jbc ^ J abc^ 4 '^ Qe^) stan d 
for the set of the J-parameters of \(f)^'^). From (IA.34l) -( I06l) and (IA.40I) - 
(IA.46I1 . we derive expressions of the J-parameters [Ja^b^ Jac^ Jbc^ Jabc^ "^5^ ^Qe^) 
terms of the J-parameters {jAB,jACjjBC,jABCjJ5jQe^) and a^'^\ We then show 
that {3ab->3ac->3bc->3abc-> iQe ) ^"^^ Uab^ Jac^ Jbc^ Jabc^ '^5 iQe ) a'^^ equal to 
{j'ABd'Acd'Bcd'ABC^J'^^Q'e)^ which is related to {Jab, jAcjBC, Jabc, Jb^Qe) as in 

( Km . 

First, let us derive the equation = For z = 0, we obtain the equation 



P(o) = ^(0) ='■ b by substituting (I5.49p - (l5.52p in (IA.34P and transforming it as follows: 
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+ 2AoA 



1 



Ao(l — tt^) sin ip 
Ai sin (f 



2 2^X1 sinV + Ag(l-«2 

1 Ai sin ip 

2 2VA?sinV + A^(l-a2 



[-(l-2a^)A^ + (l-A^) + 2A^(l-a^)] 



6. 



1, we also find that = 6, 



(1) 



(5.53) 
= 1-6. 



From the equations p(o) = 1 and 6(o) +&(i) 
Hence we obtain the following equation: 

P{i) = h(i). (5.54) 

Next, we derive the first, second and fourth rows of f l5.46p . Because of ( 1A.40I) - 
(]A.42p . it suffices to prove that a^'^ = a. The equation (]A.45P gives 

(5.55) 



Hi)- 



For 2 = 0, we obtain the equation P(o)«(o) = ct^^^ by substituting fl5.49p - fl5.52p in fl5.55p 



and transforming it as follows: 

«(0)&(0) - ^03) 

a^Ai sin ip 



2 2 
P(0)'^(0) 



1 



(1 - 2^2 + a'')\l + (1 - 2«2)^2 gi^2 ^ 



4 2v/AfsinV + Ag(l 

a^Ai sin 
2v/AfsinV + A2(l-a2 



a2) 4[A2sinV + Ag(l 

a2(l-«2)^2^2a2^2gi^2^ 



+ 



a 



1 

2 + 



Ai siny9 



2^J\\ sin^ 



4[Af sinV + A2(l -a2)] 

2 

2x,2 

= a . 



A2(l-a2 

Thus, the equation p(o) = 6 is followed by the equation a(o) = a. 
a(o) + 0.(1) = 1 and 6(o) + fe(i) = 1 then give that p^-^-j 



(5.56) 
The equations 



a 



(1) 



oP'h'^^y^ as follows: 



0(1)^(1) - k"^ 



(1) 



/C(0) 



(1 -a(o))(l -6(0)) 

1 - ^(o) - 6(0) + 0(0)^(0) 

2a^Ai sin ip 
2v/A2sinV + Ag(l-a2y 



+ a' 



+ 



Ai sin (y9 



2 2v/A2sinV + Ag(l 



Ai sin(y9 



2t2 

a 6(1). 



(5.57) 



2 2v/A?sinV + A2(l-a2j 

Thus, from (15.540 . the equation «(!) = a holds. Hence, we obtain the equation «(«) = a. 
Therefore, we have proven the first, second and fourth rows of (15.460 . 

Next, we derive the third row (j^)^)^ = Jbc = Jbc + ~ '^^)j1bc- i = 0, we 
obtain the equation (j^^)^ = Jlc + (1 - "^)iiBc by substituting flEl^ - fl33D in flA.441) 
and transforming it as follows: 

bfopBc + ^o^lkfo) - 26(o)fc(o)AoA4jBc cos(6'(o) + (^s) 
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^Wbc + ^0^4^(0) + 26(0) A;(o)AoAiA| sin 



■2 I -2 

3bC + 3 ABC 



■2 I -2 

3bC + 3 ABC 



_^ 2A;(o)Aisinv9 
Ao(l 



a/ X\ sin^ + Ao(l — a^) + Ai sin 



+ 



2Ai sin(y9(l 



A/Af"sii?^~+T|(r^^^^^ + Ai sin (y9 



■2 -2 '^o(-'- 

JbC + 3 ABC 



2\2 



2(1 - «2) A? sin^ + 2Ai sin ¥^(1 - a^) ^A?sinV + Ag(l 



[VAf sinV + A^(l - a2) + Ai sin 
a/ Af sin^ + Ao(l — a^) + Ai sin (y9 



n 2 



a/ A^ sin^ + Ao(l — a;2) + Ai sin 
We can also apply this procedure to the case of i = 1: 

^2 _ "W; JBC ' -0-4'"(0) 



3bc + 3ABci^ 



a 



(5.5^ 



_ (1 - ho)?3%c + ^0^1^(0) - 2(1 - 6(o))A;(o)AoA4jBccos(^(i) + (^5) 
(1 - \q)?31c + K^V^Iq) - 2(1 - 6(o))/i;(o)AoAiA|sin(/? 



■2 I -2 

JsC + 3 ABC 



■2 I -2 

^BC + 3 ABC 



(l-^)P 

2A;(o)Ai sin 9? 



(l-6(o))2 Ao(l-6(o)) 
Ao(l-«') 



A/Afsii?^^KX^(r^^7^ — Ai sin if 



2Ai sin(y9(l 



a/ \\ sin^ + Ao(l — a^) — Ai sin ip 



■2 -2 "^0(1 

+ 3 ABC 



a 



3bc + 3ABci^ 



a 



)^ + 2{l-a^)Xl sin' - 2Ai sin ipjl - a^) ^/Xj sin' + Ag(l - 
[VA? sinV - Ag(l - a2) + Ai sin (^]2 

a/ A^ sin' v9 + Ao(l — a') — Ai sin (f 



\/ Af sin' y? + Ao(l — a') — Ai sin y? 



Jbc + 3ABci^ 



(5.59) 



Thus the equation (j^^,^)' = j^c" + (1 ~ ^'^)3abc holds. Hence, we obtain the third row 
of (EISD, (jg^)' = f^a = 3lc + (1 - o?)2\nc- 



Next, let us show the fifth row J\ 



J5 = a'Js. From the equation J5 

(0 



2jABjAc(A2A3 — A1A4COSV9), we obtain the equation Jg = a'Js for i = and 1 by 
using the equations (1A.35l) - fA.41l) . a*^*^ = a, = 6(j) and 6'(i) = ±7r/2 as follows: 



J, 



2jiU^kA?A«-A-Arcosy. 
«'2j^BjAc(A?A«-A«A?cosy.«) 



o^'^UbUc 



A,A 



A4(Ao%) cos6'm + Ai^m cosy?) 



2/^3 



a'2j^ijj^c(A2A3 - A1A4 cosv?) 



5; 



(5.60) 



which is the proof of the fifth row of fl5.46p . 
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We have already seen that the measurement {M(j)} which satisfies fl5.49p - fl5.51 
causes the change of the J-parameters (15.461) . Finally, we prove that if Aj = OAQ'q = 
or is EP-indefinite, the measurement {M(j)} transforms the state |0) into the state 
I (/)'). If the state is EP-indefinite, the state is determined uniquely only by 
determining the J-parameters, because any EP-definite state has a zero entanglement 
charge. Thus, if the state is EP-indefinite, the measurement {M(j)} transforms 
the state |0) into the state If the expression Aj = A Qq = holds, we only 

have to prove that Qq^ = 0, because if the equation Qq^ = holds J-parameters and 
entanglement charge of j^'-*-') and are the same. Let us show the equation Qq^ = 0. 
Because of = a*^*^ = a, (15.461) and ( ]A.35I) . the following equation holds: 



Qe = sgn 



(i) , 



BC , 

(0 



sgn 



sin^(V (a^-^)]-(5.61) 



If A J = 0, then Aq — K5/2KBC = 0, and hence Qq = = Q'q. Thus, if the expression 
A J = A Qg = holds, the measurement {M(j)} transforms the state |0) into the state 

10')- 

We have thus proven that an A-DMT which satisfies (I5.46P can be performed by 
the measurement {M(j)|2 = 0, 1}. This completes the proof of Lemma 4.0 

Lemma 4 guarantees that an arbitrary dissipationless DMT is executable. A 
dissipationless DMT has only a single parameter a. Hereafter, we refer to this parameter 
as the transfer parameter. 

Lemma 5 Let the notation {M(j)|i = 0,1} stand for an arbitrary two-choice 
measurement which is operated on a qubit of a three-qubit pure state {ipABc)- Note 
that we can operate {M(j)|z = 0,1} on any one of the qubits A, B and C of the 
state \'^ABc)- refer to each result o/{M(j)|i = 0,1} as '^P'abcJ- notations 
(KAB,KAc,KBC,jABC,J^,Qe) and (K%,K%,K%,j%(j,J^\Qf ) stand for the sets of 
the K -parameters of the states IV'asc) and i^^ABcJ^ respectively. Then, the following 
inequality holds: 
1 



Y,P{i)\lK%<^K^. (5.62) 

i=0 

Proof: First, we prove (I5.62p in the case oIjabc 7^ 0. If the measurement {M(j)|z = 
0, 1} is performed on the qubit B or C, then = a'^^^jBc and j^^^c ~ ^'^^^Jabc-, where 
a'-*-' is the transfer paremter of the measurement {M(j)|« = 0,1}. Thus, because of 
(IA.50p . we can obtain (I5.62p as follows: 

Y.P^)\fK% = Y.Pi^)\l iJ%Y + {J^BC? = Y.Pit)<^^'^ ^ jIc + jIbc < (5.63) 

i=0 i=0 1=0 

Now, it suffices to prove (I5.62p in the case that the first measurement is performed on 
the qubit A. Let the notation / stand for the left-hand side of (I5.62p . In the same 
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manner as in Lemma 2, (1A.42P and (1A.44P give that 



/ = yb'^JBC + COs(7r -9 - (p5)jBcjABC + abjABC 



+ V(1 - hfjlc - 2(1 - fe)A:cos(7r - 6 - ^5)jbcJabc + (1 - «)(1 - b)j%c- (5-64) 

We can substitute 9 for the phase n — 9 — i^^, because the range of the phase 9 is from 
to 27r: 



/ = V ^^JbC + 2^/;; cos 9jBcjABC + abjABc 



+ V (1 - ^y^lc - 2(1 - h)kco^93Bc3ABC + (1 - a)(l - b)3\j,c- (5-65) 
In order to find the maximization condition of the quantity /, we differentiate / with 
respect to k cos 9: 

df ^ bjBCjABC 

dikcos9) ^h^jlc + 2hk cos 9 jBc J ABC + abf 



ABC 

1 - b)jBcjABC 



v/(l - b)Hic - 2(1 - h)kcos9jBcjABC + (1 - a){l - 
We can transform the equation df/d{kcos9) = as follows: 

(1 - hf 



(5.66) 



(1 - bfilc - 2(1 - 6) A; cos 9jBcjABC + (1 - a) (1 - b)j%c fe2j2 ^ _^ 2bk cos 9jBcjABC + abjlBC ' 
26(1 - bfkcos9jBcjABC + a&(l - &)'j1bc = -2&'(1 - b)k cos 9 jbc J abc + (1 - a)(l - b)b^jlBc, 
2k cos 9iBc3ABC = ib- a)jlsc- (5-67) 
Thus, the quantity / becomes the extremum 



/= V^Ic+Jabc (5-68) 

if and only if (15.671) holds. This extremum is also the maximum because 

d'f _ b-3lc3\Bc 
d{kcos9Y + 2bkcos93Bc3ABC + abf^J 

(1 - bf3lc3\BC < 0^ (5 gg) 

v/(l - bY3lc - 2(1 - b)kcos9jBc3ABC + (1 - a)(l - ^'i^c 

Hence, the quantity / becomes the maximum \/j%Q + 3\bc '^k cos 9 jbc 3 abc = 
{b — a)j\^Q. The inequalities ab — k^ > and (1 — a)(l — 6) — A;^ > limit the range of 
k cos 9, but this condition can only decrease the maximum of / because there is only one 
value of kcos9 which satisfies the equation df /d{k cos9) = in — oo < kcos9 < oo. 
Therefore, we have proven (I5.62p for Jabc 0- 

Second, we prove (I5.62p in the case of Jabc = 0. In the same manner as in the 
case of Jabc 7^ 0, it suffices to prove (I5.62p in the case that the first measurement is 
performed on the qubit A. Because of the equation (IA.42p . the equation J^^^q = holds. 
Thus, we only have to prove the following inequality: 



1 



Y.Pi^)3'Bh<3BC, (5.70) 



i=0 
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because i^^c = Ubc^ + (Jabc)^ Substituting Jabc = in (IATbT]) . we find that IKTOt) 



clearly holds. Thus, the inequality / < a/ Jbc + Jabc ~ V^^bc holds. □ 



6. The Proof of Main Theorems 



In this section, we prove Main Theorems, which we reproduce here: 

Main Theorem 1 Let the notations {ip) and {ip') stand for three- qubit pure states. We 
refer to the sets of the K -parameters of \ip) and \ip') as {Kab, Kac: Kbc, Jabc, Jb^Qe) 
and {K'j^Q, K'j^(j, K'^fj, Ji^^Q'^ , respectively. Then, a necessary and sufficient 
condition of the possibility of a deterministic LOCC transformation from \ip) to \ip') 
is that the following two conditions are satisfied: 

Condition 1: There are real numbers 0<Ca<1;0<Cb<1,0<Cc'<1 and 
(lower — ( — ^ which satisfy the following equation: 

( K'^b\ I CaCb \ 

CaCc 

CbCc 

CaCbCc 

CaCbCc j 



K'ac 
K'bc 
Jabc 



c 



V 4 / 

where 



\ 



( Kab \ 

Kac 
Kbc 
Jabc 

V J5 / 



(6.1) 



J, 



ap 



ower 



{Kab - (cJabc) (Kac - CbjIbc) (Kbc - CaJabc) ' ^^'^^ 

and we refer to (, (^a, Cb one? (c o,s the sub parameter and the main parameters of A, 
B and C , respectively. 

Condition 2: If the state is EP definite, let us check whether the state is 
(-definite or not. When the (-specifying parameter ( is definite, the condition is 

Qe = Q'e and ( = (. (6.3) 

When the (-specifying parameter ( is indefinite, the condition is 

|g'e| = s^n[(l-C)(C-Cw)]' (6-4) 
or in the other words. 



= (C = 1 or C = C/, 
^ 7^ (otherwise). 



ower'-' 



(6.5) 



Main Theorem 2 If a deterministic LOCC transformation is executable, then the 
LOCC transformation can be reproduced by performing local unitary operation, a 
deterministic measurement on the qubit A, one on the qubit B and one on the qubit 
C. 
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6.1. Case 01 

First, we prove Main Theorems in Case 21, where both of the initial and final states 
are EP definite and the parameter Jabc of the initial state is not zero. In the present 
subsection, we assume that Jabc 0^ unless specified otherwise. 



6.1.1. Step 1 of Case 21 We here give a necessary and sufficient condition of the 
possibility of a two-choice deterministic measurement transformation (DMT) on the 
qubit A in the case that the final state is EP definite. 

Theorem 1 Let the notations and stand for three-qubit pure states. The 
entanglement parameters of the state {ip) are referred to as Jab, Jac, 3bc, Jabc, J5 
andQe, while the entanglement parameters of the state are referred to as j'^^, j'^Q, 
Jbc' Jabc' J'b ^'^^ Q'e- assume the state \ip') to he EP definite. We also assume that 
Jabc 7^ 0. Then, a necessary and sufficient condition of the possibility of an A- DMT 
from the state to the EP-definite state whose DM is a two-choice DM is that 
the following two conditions hold; 

Condition 1 : there are real numbers a a and (3 a which satisfy 0<q;a<1,0</3a<1 
and the following equation: 



( 



\ 



Jab 
flc 
Jbc 
Jabc 
4 



a: 



\ 



1 l3A{l-a\) 



a, 



\ 



( 



\ 



Jab 
Jac 
Jbc 
Jabc 



V J5 / 



(6.6) 



Condition 2: We define (3a as 

AKabKacJbc sin V^s 



/3a = 



A J + AKabKacjIc sin ' 
is EP indefinite, then we define j^^sinyjs as zero. 



(6.7) 



where if {ip) is EP indefinite, then we define j^^sinyjs as zero. This parameter 
corresponds to the (-specifying parameter (, and thus we refer to (3a as (3-specifying 
parameter. If (3a is definite, then Qe = Q'e and (3a = (3a- If (3a is indefinite, which 
means that the denominator of Pa is zero, then \Q'g\ = sgn[{l — Pa)(3a]- 

Comment 1: We can interpret the above as the rule how a DMT changes the 
entanglement. When an A-DMT transforms a state \i()) into an EP-definite state {ip'), 
the change of the entanglement is expressed by (16.61) . We can express this change as 
in Figure [E After an A-DMT, the four entanglement parameters, j^^, Jabc ^^d 
J5, the last of which does not appear in Figure [HI are multiplied by a\. Note that 
these four entanglement parameters are related to the qubit A, which is the measured 
qubit in the A-DMT. The quantity /3a(1 ~Q^i)jiBC' which is a part of the entanglement 
lost from j^s(7, is added to which is the only entanglement parameter that is 
not related to the measured qubit A. The quantity (1 — /3^)(1 — Q!i)jlsc' which is 
the rest of the entanglement lost from j^^c disappear. We call this phenomenon the 
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qubit A 




qubit B qubit C 

Figure 9. Dissipative entanglement transfer 

dissipative entanglement transfer, and call the DMT which gives rise to the dissipative 
entanglement transfer as a dissipative DMT. A dissipative DMT has only two single 
parameters; the transfer parameter a and the other parameter Pa- Hereafter, we refer 
to this new parameter Pa as the dissipative parameter. Note that Theorem 1 guarantees 
only a necessary and sufficient condition of an arbitrary DMT whose DM is a two-choice 
DM. However, this condition holds not only for a two-choice DM but also for an n-choice 
DM. We prove this statement in section 6.1.4. 

Comment 2: Note that Theorem 1 includes not only Step 1 of Case 21, but also a 
part of Step 1 of Case €. Indeed, we do not assume that the state is EP definite in 
Theorem 1; we only assume that the state is EP definite. Note that if the state {ip) 
is EP indefinite, the DMT from the state lip) to the EP definite state {ip') is possible 
only if the /3-specifying parameter Pa defined in (16.71) is indefinite. Let us prove this 
statement by reduction to absurdity. Let us assume that the DMT from the state lip) 
to the EP definite state \ip') was possible when the state \tp) was EP indefinite and 
the ^-specifying parameter Pa of the state \ip) was definite. Because the state \ip) is 
EP indefinite, at least one of the entanglement parameters Jab, Jac and Jbc would be 
zero. Because of (16.61) . if Jab or Jac was zero, then the state {ip') could not be EP 
definite. Thus, Jbc would have to be zero in order for \ip') to be EP definite. Because 
of the assumption that the /3-specifying parameter Pa would be definite, the equation 
fsc ~ Jbc + /^^(l — (^a^Jabc would hold. Note that Pa was zero, because Jbc would 
be zero. Thus, j^^* would be zero. This would contradict the assumption of Theorem 1 
that the state \ip') is EP definite. Hence, if the state \ip) is EP indefinite, the DMT from 
the state \ip) to the EP definite state \ip') is possible only if the /3-specifying parameter 
Pa is indefinite. 

Proof: 

Before we describe the proof, we review definitions that are necessary for the proof. 
The notations Aq, Ai, A2, A3, A4 and ip stand for the positive-decomposition coefficients of 
the generalized Schmidt decomposition of \tp). We define the measurement parameters 
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a 



b, k and 6 for a measurement {M(j)|2 = 0, 1} as follows: 

MUM,, ^ ( ,. "<»L,„ ] ^ ( ] ■ (6 



a-(o) 


A;(o)e-^^(o) 


A;(o)e''w 


&(0) 


0(1) 


A;(i)e-^^(i) 


A;(i)e^^(i) 


&(i) 




where we assume that sin 6' > 0. We refer to the probability that the result i comes 
out from the measurement {M(j)|i = 0,1} as p(j). We define the states {!'?/''•*■')} as 
|^(*)^ = M(j) \^) /y/P{i)- We refer to the probability p(o) asp. We define the entanglement 
J-parameters of the states {jV''-*'')} as (j^^, j^*^, j^^, Ja^bc ■> Q'e)- We can express 
the probability p(j) as (1A.34P with these parameters. We can express the generalized 
Schmidt coefficients \f , \f\ Xf , Xf , Xf and (^(^) of the state as in (EM])- 



(IA.39I) . Note that we do not specify whether the coefficients {A^°\ ip^^^\k = 0, 4} and 
{X^f!'\ (p^-^^k = 0, ...,4} are positive-decomposition coefficients or negative-decomposition 
coefficients. We can also express the entanglement parameters j^^, j^^, j^^, j^^c* 
if'i^ as in ^K^-^AMl and COHj) . 



Next, we describe the structure of the proof. We divide the proof into two parts. In 
the first part, we consider the case where the /3-specifying parameter Pa is definite. In 
the second part, we consider the case where the /3-specifying parameter Pa is indefinite. 
In the first case, we prove the present theorem in the following four steps: 

1-1 We note that the two-choice measurement {M(j)|i = 0, 1} is a DM if and only if the 
following equations are satisfied: 



ab — k'^ 

0^ — 


(6.10) 


(l-a){l-b)-e 


(6.11) 


0<b<l, 


(6.12) 


.(0) .(1) 

Jab — 3abi 


(6.13) 


.(0) .(1) 

3 AC ~ 3ac^ 


(6.14) 


.(0) .(1) 

3bc ~ 3bc^ 


(6.15) 


.(0) .(1) 

3 ABC ~ Jabc^ 


(6.16) 


7(0) _ 7(1) 

5 — 5 ' 


(6.17) 


Qe ^ = Qe 


(6.18) 



In the above, f l6.10p -( l6.12p constitute a necessary and sufficient condition that 
M^Q-|M(o) and M^(i)M(i) are positive operators, whereas fl6.13p -( l6.18p constitute 
a necessary and sufficient condition that the states |?/^*^°)) and are LU- 

equivalent. Note that the condition ^mJ^^-^M^i) = J is included in the definition of 
the measurement parameters a, 6, k and 6 as in f l6.8p -( l6l9|) . 
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1-2 We derive Q^q^ = Qe from (l6A0i) -( IO8D . The equation q[!^ = Qe includes ( 108ll : 
thus (16101) -( ]6T7D with Q^!^ = Qe are equivalent to (16101) - dOSD . 

1-3-A In the steps 1-3-A and 1-4-A, we treat the case of Qe 7^ 0. In the step 1-3-A, we 
solve f l6.10p -f l6.17p and Qq^ = Qe, and thereby derive the following five expressions, 
which are equivalent to fl6A0ll -f l6Tni and Q'^^ = Qe] 

^ i..-Qev/A7/(2.-l)_ 

K,-QeVA] ' 

kcosO = Qe := . 6.20 

2p-l K,-QeVA] 3 ABC ^ ' 

. 2p(l-p) jBcsin(^5 

ksva.0 = T= . 6.21 

2p-l K,-QeV\i JABC 



-4p(l - p)3lc{Kl sin^ if^ + Aj cos^ ip^) p{{2p - l)K^ + Qe VA7} 
(2p - l){Kl - ^j)31bc (2p - 1){K, + Qev^) ' 




A J + AKabKac3bc sin^ V^s 



, , ,0 9 o r < P < 1- (6-23) 

2 2 y Aj + li^ABi^AcOlc sin' + Jabc) " 

The equations fl6.19p -f l6.22p are expressions of a, 6, and 6' in terms of p, whereas 
the inequality fl6.23p gives the range of p. Because of the steps 1-1, 1-2 and 1-3-A, 
we can show that {M(j)|i = 0, 1} is a DM if and only if a, 6, k, 9 and p satisfy 
flCTD -f lOHD . 

1-4-A We prove that if {M(j)|z = 0, 1} satisfies fl6.19p -f l6y23l) . the initial state and 
the final state satisfy Conditions 1 and 2, and that the transfer parameter 
ua which satisfies < < 1 and p which satisfies f l6.23p have a one-to-one 
correspondence. Thus, the initial state \ip) and the final state \ip') of any executable 
DMT satisfy Conditions 1 and 2. Inversely, we can take a set of the measurement 
parameters (a, 6, fc, 9) of an executable DM for any states and which satisfy 
Conditions 1 and 2, because we can obtain the probability p from the transfer 
parameter aA by using the one-to-one correspondence and because we can obtain 
the measurement parameters (a, 6, fc, 9) from the probability p by using fl6.19p - 
fl6.22p . Thus, we will complete the proof of the present theorem in the case of 
Qe 7^ in the step 1-4-A. 

1-3-B In the steps 1-3-B and 1-4-B, we treat the case of Qe = 0. In the step 1-3-B, we 
prove that if the measurement {M(j)|i = 0, 1} is a DM, the initial state \ip) and the 
final state of the DMT of the measurement {M(j)|i = 0, 1} satisfy Conditions 
1 and 2. 

1-4-B In the step 1-4-B, we prove that if the state \ip) and the EP-definite state 

satisfy Conditions 1 and 2, we can obtain a measurement which transforms the 
state into the EP definite state \ip'). 
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Note that we have completed the step 1-1. Thus, in the first case, where the /3-specifying 
parameter Pa is definite, we have only to perform the steps 1-2, 1-3-A, 1-3-B, 1-4-A and 

1- 4-B. 

In the second case, where the /3-specifying parameter is indefinite, we prove the 
present theorem in the following two steps: 

2- 1 We prove that the state {ip) and the EP-definite state {tp') satisfy Conditions 1 and 

2, if it is possible to perform a DMT from \^|J) to 

2-2 We prove that if {ip) and {ip') satisfy Conditions 1 and 2, we can find the 
measurement parameters a, b, k and 6 whose {M(j)|i = 0, 1} is the DM from the 
state \ip) to the EP-definite state {ip')- 

In this paragraph and the next one, we prepare for performing the above steps. 
First, we reduce fl6.13p - fl6.17p into the forms which are expressed in the measurement 
parameters a, b, k and 6 and the probability p. From flA.40p -f lA.42p and flA.45p . we see 
that the equations f l6.13p . f ]6.14p and f]6.16p are equivalent to 

= aW. (6.24) 

Because of f lA.28P and f lA.48p . the equation f l6.17p is equivalent to 

■(0) (0) ■(!) (1) ■ r,r-\ 

JbC-COSV^s = J^B^COSifl' =jBCCOSip5. (6.25) 

Owing to f l6.25p . the equation fl6.15p is reduced to 

lAf^Af sin^^l = sin^(°) = j« sin^W = lAj^^A^ sin = sink's- (6-26) 

Substituting ( ^AMf . ( IKMf . flXiSj) . and f lXie]) into flOip . ( K25\f and flOe]) . we obtain 
the equations to be satisfied: 
ab-k^ {1 - a){l - b) - k^ 



p2 _ ' 

bjBC COS V95 - kjABC COS 6 _ (1 - b)jBC COS V95 + kjABC COS 6 

p 1 — p 



bjBc sin (p5 + kjABC sin 9 



p 



;i - b)jBC sin v^s - kjABC sin 6 



(6.27) 

Jbc cos ip5, (6.28) 
. (6.29) 

1 — p 

These three equations are expressed in the measurement parameters a, b, k, 9 and the 
probability p, and are equivalent to fl6.13p - fl6.17p . 

Second, we show that if the measurement M(j) is not equivalent to the identity 
transformation, we can derive the following equations from f l6.13p - fl6.18p : 

sin¥p(°)>0, (6.30) 
sin(^(^)<0. (6.31) 

The inequality f l6.30p is clearly satisfied, because sm.6 > and because {Xk,(p\k = 
0, ...,4} are positive-decomposition coefficients. In order to show fl6.3ip . we show that 
if siny^^^) > 0, the measurement M(j) is equivalent to the identity transformation. 
If siny^W > 0, then both {X^^\ ip^^'> \k = 0,...,4} and {X^i^\ip^^^k = 0,...,4} are 
positive-decomposition coefficients. Thus, if sin ip^^^ > 0, fl6.13p - fl6.18p are equivalent to 
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= 0, 4} = {\^^\^^^'>\k = 0, 4}. From \f = X^^^ and (IXaTl) . we obtain 



p. From Af^e^^*" = aS^^c*^'", 6 = p and (1X361) . we obtain A; = 0. From aJ,"^ = aJ,^^ 



A; = and (1A.35p . we obtain a = b. From a = b, b = p, k = and (lA.SSp - 



flA39D . we obtain {A^ , |fc = 0, 4} = {A^'^ = 0, 4} = {A^, ip\k = 0, 4}. 

This means that the measurement M(j) is equivalent to the identity transformation. 
Hence, as a contraposition, if the measurement M(j) is not equivalent to the identity 
transformation, fl6.30p and (16.311) hold. 

Let us perform the step 1-2. In other words, we derive Qq"* = Qq"^ = Qe from 
fl6.13p -( l6.18p in the case where the /3-specifying parameter 13a is definite. In this step, 
we suppose fl6.13p - fl6.18p to hold, and hence we refer to (j^*^, j^c, j^^, Jabc^ "^5^ Qe^) 
{j'ABy Jaci fBCi Jabci J 5 Q'e)-> Q^*'*^ a, and K^a^, -^ic' ^'bc ^"^^ ^5 ^ ^'ab^ ^'aci 
K'bc and K'^. 

First, we show Q'q = Qe in the case of Qe 7^ 0. There are three possible cases of 
Qq] Q'q = Qe, Q'q = —Qe and Qq = 0. We show that the equations Qq = —Qe and 
Qe = are false by reduction to absurdity. 

Let us assume that the entanglement charge Qe were zero. Because of Qq = 0, 
flATToD and flATTD . at least one of the quantityies A'j and sin (p' would be zero. Because 
of f lA.29p . if siny^' was zero, j'^^siiup'^ would be zero, where the entanglement phase 
V^s is definite because the state \ip') is EP-definite. Thus, at least one of the quantities 
A'j and sinc/^g would be zero. As we show below, this contradicts Qe 7^ 0. Because 
of Qe 7^ 0, f lA.lOp and f lA.lip . none of the quantities Aj and siny? is zero. Because of 



Aj > J22j, Aj 7^ and fEOil) . the inequality A'j > holds. The other inequality 



sinip > also holds, because sin if is not zero and because we have assumed that 
{Xi,ip\i = 0, ...,4} are positive-decomposition coefficients. Thus, AiA4sin(y9 > holds, 
because if one of the coefficients {Xi\i = 0, 4} was zero, sin = would have to hold. 
Because of AiA4siny9 > and f 1A.29p . the inequality jBcsinyjs > holds. Because of 
jscsinf/Js > and f1A.52p . the inequality j'^Qsirup'^ > holds. Thus, none of A'j and 
j'^Qsimp'^ is zero. This is a contradiction, and hence Q'^ ^ holds. 

Next, we prove Q'e 7^ — Qe in the case of Qe 7^ by reduction to absurdity. Let us 
assume that Q'e = — Qe was valid. Because the entanglement charge Qe is not zero and 
because {Xi,(p\i = 0, ...,4} are positive-decomposition coefficients, we can express Aq as 
flCTD : 

. _ K., + Qey/A] 



K = ■ (6.32) 

-iJ^BC 

Because the entanglement charge Qg was not zero, we could also express (Af )2 and 
(AE,'^)2 as flCT]) : 



/W0)n2 _ K'^ + QW^'j (.{l)-.2 _ K'5-Q'eVA'j 

where we used the inequalities siny^^^^ > and sinyj^^^ < 0, which we show below. We 
have already proven fl6.30p and f l6.3ip . Thus, we only have to show that none of sin(^(°^ 
and sin(/)(^) is zero. If siny^^^^ was zero, the entanglement charge Qg would have to be 
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zero, but this contradicts the inequahty Qq ^ 0. Thus, sirn^^*^) would not be zero. In 
the same manner, we could prove that sirup^^'^ would not be zero. Thus, siuLp^^^ > 
and sinf/)'-^'' < would be correct. 

We could derive a contradiction from the assumption Qq = —Qq by using fl6.32p 
and f l6.33p . Because of (IA.35I) . f l6.32p and f l6.33p . we would obtain 

A0).2 _ K^±QWEi - P 2,2 _P 2K^ + Qe^J 



Because of the expressions K'^ = a'^K^, A'j = a'^A'j^QYm K'^^/Kbc = (-^1 — 
^norm)/(-^5 ~" ^'^'^ ^^^^ assumption Qg = —Qe, we would reduce fl6.34p and fl^ 
into 



^5 - QeVA'norm ^^c- i^s - Qey/\j 



1-6 = — j=^=—- = [l-p)—- ^ /TT- •(6-37) 

^5 + QeVA;iorm^sc K5 - QeV^ 

Substituting f l6.36p into f l6.37p . we would obtain the probability 



V = — ^ • (6.38) 

On the other hand, from flA.49p . siny^^*^^ > 0, siny^*^^) < and fl6.26p . we would obtain 

pJ'bc sin <^5 - (1 - p)3bc sin ip'^ = Jbc sin ip^- (6.39) 
Because of fl6.38p and fl6.39p . we would obtain 



1 + Jbc sin y^s/isc sin y^g _ 1 - ^Aj/A^orm 



(6.40) 



2 2 
The equation holds only if j^c'siny^s = Aj = 0. However, this contradicts our 
assumption that the /3-specifying parameter /3a is definite. Hence, Q'q 7^ —Qe- Now, we 
complete the proof that Q'q = Qe holds in the case Qe = =tl- 

Next, we show that Q'q = Qe holds in the case of Qe = 0. We prove this by 
reduction to absurdity. Let us assume that Q'q 7^ 0. We can use fl6.33p again, because 
we can derive siny)'-^'' > and sinLp^^^ < from the assumption Q'q 7^ in the same 
manner as above. We cannot use fl6.32p again, because now the entanglement charge 
Qe is zero, but we can use the following equation which is similar to fl6.32p : 



K = %y ■ (6.41) 
2Kbc 

Let us show that we can use fl6.4ip . In the section 2, we proved that when the 
entanglement charge Qq is zero, the four sets of the coefficients of the general Schmidt 
decomposition {\l,ip^\i = 0, ...,4}, {\~,ip~\i = 0, ...,4}, {X^,ip~\i = 0, ...,4} and 
{\~,ip~\i = 0, ...,4} are LU-equivalent (Figured]). Thus, we can choose any one of the 
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four under local unitary transformations. Moreover, because of (lA.lip . at least one of the 
sets of positive-decomposition coeffcients {Xf,(p~^\i = 0, ...,4} and {X^,(p'\i = 0,...,4} 
satisfies fl6.4ip . Thus, we can assume that the positive-decomposition coefficients 
{Aj, ip\i = 0, 4} satisfies (I6.4ip without losing generality. Let us derive a contradiction 
from the assumption Qg 7^ by using f l6.33p and f l6.4ip . Because of (IA.35p . f l6.33p and 
f l6.4ip . we obtain 

,(o),2 _ ^5 + Qe^/^J _P 2^5 + 



(,<..)^ . '^i^MK . (6.43) 

In the same manner as we derived fl6.38p from (16.340 and (16.350 . we can obtain the 
probability 



Let us prove that (16.441) and the assumption Qe 7^ contradict Qe = 0. Because of 
Qq = 0, at least one of the quantities Aj and simp is zero. Because the /3-specifying 
parameter 13a is definite, at least one of the quantities Aj and simp is not zero. Thus, 
one of the quantities Aj and simp is zero, and the other is not zero. First, we consider 
the case of (sin = 0) A (Aj 7^ 0). Because of sin = 0, the equation (I6.29P is equivalent 
to 

kjABC sin 9 kjABC sin 6' 

= — • 6.45 

p 1 — p 

This equation means p = 1/2, but this contradicts (I6.44p . A j 7^ and Qg 7^ 0. Thus, 
the assumption Qg 7^ leads us to a contradiction in the case of {simp = 0) A (Aj 7^ 0). 
Next, let us consider the case of (sin 7^ 0) A (Aj = 0). In this case, (I6.44p is reduced to 
p = 1/2, because of Aj = 0. We can derive simp = 0, which contradicts siny9 7^ 0, from 
p = 1/2. Let us perform this derivation. Because of siny9*^°) > 0, simp^^^ < 0, (IA.29P 
and the fact that the state {ip') is EP definite, the following equations hold: 

AS°^Af sin = sin ^^i^^'i^ sin = -j^ sin ^'5. (6.46) 

From (I6.46p . ( 1A.49P and p = 1/2, we obtain AiA4siny9 = 0. Because of XiX4^simp = 0, 
at least one of Ai, A4 and simp is zero. If Ai or A4 is zero, simp is also zero, because if 
one of the coefficients {Xi\i = 0, ...,4} is zero, simp is also zero. Thus, simp is zero, this 
contradicts sin 7^ 0. Thus, the assumption Qg 7^ also leads us to a contradiction in 
the case of {simp 7^ 0) A (Aj = 0). Now, we complete the derivation of a contradiction 
from the assumption Qq 7^ 0. Thus, the entanglement charge Qq has to be zero, and 
thus Qe = Qq holds in the case where the /3-specifying parameter 13a is definite. 

Next, let us perform the step 1-3-A, where we assume Qq 7^ 0. We have derived 
the expressions of the measurement parameters a, b, k and 6 in the probability p from 
f l630|) -( l6Trp and Q^^^ = Qe in the case where the /3-specifying parameter I3a is definite 
and that Qe 7^ 0. In this step 1-3, hereafter we assume that the /3-specifying parameter 
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Pa is definite and that Qe = ±1. In order to perform tlie step 1-3- A, it is useful to derive 
some equations wfiich are equivalent to f l6.13p -f l6.17p and Q^^ = Qq. We have already 
derived the equations f l6.27p -f l6.29p . which are equivalent to f l6.13p -f l6.17p . Let us derive 
two equations which are equivalent to Qq^ = Qe and = Qe, respectively. We can 
derive these equations from flA.20p . if we prove sin<y9(°^ > and sin 99*^^) < 0. Thus, let 
us prove sin (p^^^ > and sin Lp^^^ < at first. In the present case, (sin > 0) A (A j > 0) 
holds, because of Qe = il and flA.19p . The inequality siny^^^^ > holds, because of 
(^KM), sin^ > and sin if > 0. Because of (ESSD, f lOOl) and flOB . the inequality 
siny)*^^) < also holds. Thus, from Qe = Qe^ and flA.20p . we obtain 



'BC 



Because of flA.35p . we can turn fl6.47p and fl6.48p into 

iTs + Qey/A^orm 2 _ P^2;^2 _ P K, + QeVA] 

- Qey^A^^orm 2 1 -P 2^2 1 - p i^s + Qe\/A7 2 ta^cw 
7 a = -a An = ; a . t6.5U) 

The equations fl6.49p and fl6.50p are what we want. 

From f l6.27p -f l6.29p . f16.49p and f l6.50p . we can express the measurement parameters 
a, 6, fc, 9 and the quantity A'noxm. i^ probability p. First, we obtain the forms 
of b and A^orm which are expressed in the probability p. Because of K'bc/Kbc = 
{Kl - Anorm)/(-^5 " Aj), we can transform flO^ and fl^TSUD into 



K'bc + Qe VAj - Qe V A^iorm 



p ' ' J-^-^ =p ^ ~--v (6.51) 

K^ + QeVA'^oim K5 - QeV Aj 



K5 - Qev^AJiorm ^^^c - QeVAj 

We obtain the expression of A^q^j^ by substituting f l6.5ip into f l6.52p and transforming 
it as follows: 



^ _ ^ -^5 - Qey Anorni ^ j^]^ _ + '^e V A'^orm 



— Qe^/\J = + Qe a/ AJ^orm ~ Qe'^pV A'norm; 



2p — I V A'norm- (6.53) 

We obtain the expression of b by substituting (16. 530 into (16.510 : 
K,-QeVA]/(2p-l) 



Deterministic LOCC transformation of three- qubit pure states and entanglement transferal 

We obtain the expression of k cos 9 by substituting f l6.54p into fl6.28p and transforming 
it as follows: 

(6 - p)iBc cos (/?5 



kcos9, 



JABC 



(K,- Qev/A7/(2^- 1) _ \ Jbc cos ^ ^^^^ 

"^V K,-Qe^/A] J JABC 

2p-l K,-QeV^ JABC ^ ' 

We obtain the expression of k sin 6 by substituting f l6.54p into f l6.29p and transforming 
it as follows: 

h k 1—6 k 

-jBc sin + -JABC sin 9 = Jbc sin cp^ + Jabc sin 9, 

p p 1 — p 1 — p 

{l-p)b + p{l-b) . . 2p-l . 

-jBcsmvJs = — -kjABcsm9, 



pil-p) p(l-p) 
[l-2p)b + p 



jBc sin v?5 = kjABC sin 6^, 

1 ) jBc sin = kjABC sin 6*, 



2p- 1 

p / {2p - l)K^ - Qe^j 



2p-l\ K,-QeVAj 
2p{l-p) Kr, jBcsm(f5 



ksm9. (6.56) 



2p-l K^-QeVAj JABC 
We obtain the expression of a by substituting (16 .540 . (I6.55P and (16.560 into (16.270 . First, 
we express a in b, k, 9 and the probability p by transforming (I6.27P as follows: 

ab-k^ _ {1 - a){l - b) - k^ 

(1 - 2p){ab - k^) = p2(i -a-b), 

_ {1 - 2p)e + p\l - b) 
(l-2p)6 + p2 

Second, we substitute (EMD, dSSSD and (K^ into (K57^ . 



-4p(l - p)jIc{KI sin^ ip^ + Aj cos2 (^5) p{(2p - 1)7^5 + Qe 



(6.57) 



{2p-l){Kl-/\j)jl^c ^ (2j9-l)(^5 + gev^) ^ 

Now, we have obtained the expressions of a, 6, A; and 9. We can obtain a measurement 
M(i) which satisfies fl6J[3|) -f l638|) by defining a, 6, A; and 9 as (I638D . fl63D . (I635|) and 

dnisi). 

Next, we restrict the range of p from (I6.10p - (l6.12p . Because (16.271) is satisfied, the 
inequality (I6.10p is equivalent to (16.110 . We derive the range of the probability p from 
(I6.10p and (I6.12p . First, we substitute (I6.57P into (I6.10p and transform it as follows: 

2 _ (1 - 2p)k% + p'^b{l - 6) - A;2(l - 2p)b - kY 
" ~ (1 -2p)6 + p2 

_ 6(1-6) 

" (l-2p)6 + p2- (6.59) 
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Next, we substitute fl6.54p . fl6.55p and fl6.56p into f l6.59p and transform (16.590 as follows: 



2 J 2 pC^P - 1)^5 - QepV^ 
a = ip 



{ 



p{{2p - 1)K5 - QeVA]){l - p){{2p - 1)K, + QeV^) 



(2p- 1)2(7^5 -QeVAj)2 

V(l - pf]lc{Kl sin^ + Aj cos^ (^5) 

{2p-mK,-Qe^jY3\^c 
p{l - p) {K, + QeVAT) 1 ' P{1 - P) 



} 



{2p - ifK^ -Aj- ^^(^ ~ P)jlciKi sin' ^5 + Aj cos' (p^) 

J ABC 

{{2p - 1)^KI - Aj}j V + {(2p - 1)^ - l}jlc(i^g sin' ^5 + cos' ^.5) 

{2p - - Aj)jI^^ 

i2p - lf{{Kl - Aj)aY^sc - KIjIbc - jIc^KI sin' <^5 + Aj cos' ^,)} 
= -^jJabc - Jlci^b sin^ + A J cos' (^5), 

/2 _i^2^ Aj + AKabKacJIc sin^ ¥^5 

^ Aj + 4ir^Bi^^c(jlcSmV5 + (l-«')jlBc)- 
The equation (16.601) expresses {2p — 1)' as a monotonically decreasing function of a'. 
Thus, from fl6.10p . we obtain 

(2p-l)'> ^ A, + 4i^^^i^^Asin'c,5 (g g^^ 

Because of the expressions fl6.53p . fl6.6ip and A^qj.^^^ > Aj, the expression 1 > p > 1/2 
holds. Thus, fl6.6ip is equivalent to 



11 / Aj + AKabKacjIc^^^^^^ <v<l (6 62) 

2 2\J Aj + 4KABKAc{fBc^^^'V5+fABc)~ ■ 

Now, we have restricted the range of the probability p from f l6.10p . Next, let us show 

that ( 16.62P satisfies (I6.12p . Because of (I6.54p . we obtain 

db K5 ^1 ^/A] 

+ Qe77^ ^ r. \ n^ - (6-63) 



dp K,-QeVA] ^^{2p-iyK,-QeVA] 
Because of fl6.63p . if Qe = 1, 6 is a monotonically increasing function of the probability 
p. If Qe = —1, we can derive the following expression from (I6.63p : 

Because of (16.54p . we have 

b\p=i = 1, (6.65) 

^UMe^)=° (if^e = -l) (6.66) 
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A J + AKabKacjIc sin^ V's V '^^^ ""-^ y ^j+akabKacjIc^^^' 



AKabKacUIc sin^ <^5 + Jabc) / - Qe 



I ^ ^ , Aj + AKabKacjIc^^^'v^ \ ^s-QeVA] y ^ ^ 
-lo ^j + AKABKAdjlc^^'^^^+JABc)) K,-QeV\J -' ^' ^ 

Because of fl6.63p - fl6.67p . the inequalities < 6 < 1 hold. Now, we have obtained the 
equations which are equivalent to f l6J0|) -f l618|) : fl6:54l) - fl636|) . fl638|) and ([612]). In 
other words, we have completed the step 1-3-A. 

Next, let us perform the step 1-4-A. First, let us prove that if the measurement 
{M(i)|i = 0,1} satisfies fl634|) -f l636|) . f l638|) and ([612]), then Condition 1 is satisfied. 
The expressions flCTD - flCTD . fl638D and ^Ml are equivalent to fl6:T0D - fl6A8l) . and 
thus the entanglement parameters of the states {ip) and {ip') are the same. Thus, if 
the measurement {M(j)|i = 0,1} satisfies f l6.54p -f l6.56p . f l6.58p and (16. 62 p . there are 
the transfer parameter and the dissipation parameter Pa which satisfy Condition 
1 because of Lemma 2, f l6J[3l) -f l6Tfl) . flXiOll -f lA^ and f lA^ . Second, we prove 
that if the measurement {M(i)|z = 0,1} satisfies fl63iD -f l636D . fl638l) and ( EMh . then 
Condition 2 is satisfied. We have already proven that Qq^ = Qe, and thus we only have 
to show that if the measurement parameters a, b, k and 9 satisfy f l6.54p -f l6.56p . f l6.58p 
and (I6.62p . then (3a = $a holds. Because of Lemma 2, (16.150 and a*-"-* = a^^\ we can 
take < /3a < 1 which satisfies that j'^^ = jj^^ + /3a(1 — Q^a)j1_bc- obtain (3a = (3a 
by substituting the dissipation parameter [3a and (I6.53P into (I6.60p and transforming it 
as follows: 

_ (^2p - p2 _ ^-^ + "^KabKacjIc sin^ ^5 



Anorm Aj + AKABKAcifBc^^"^ + [l - a^)jABc)' 

A J _ Aj + AKabKacJbc sin^ ^5 



Pa = . Z T'T "^l . = Pa. (6.68) 



Aj + AKABKAcjlsci^ - - «i) + 4irABi^Ac(jlc sin' <^5 + (1 - oi^)j\bc) 

Aj + AKabKacJec^^"^ V's 

AKabKacJec sin^ y's 
Aj + AKabKacJec sin' '/'s 
Finally, we prove that the transfer parameter aA and the probability p have a one-to- 
one correspondence. Because of (16.601) . the quantity {2p — 1)^ is a monotonic function 
of the transfer parameter a. Moreover, if p = 1, the equation a = 1 holds, and if 
the probability p takes the lower limit of f l6.62p . the equation a = holds. Thus, the 
transfer parameter a and the probability p have a one-to-one correspondence. Now, we 
have completed the proof in the case of Qe = ±1; when the measurement parameters 
a, b, k and 9 are defined as (I6.54p - (l6.56p and (I6.58p . the equations (16. 6p . Qe = Q'q and 
(3 a = (3 a are satisfied, and the transfer parameter a a can take any value from to 1. 
Inversely, if Conditions 1 and 2 of Theorem 1 are satisfied, we can take the probability p 
which corresponds to the transfer parameter oa and take a measurement which executes 
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the deterministic transformation from the state to the EP-definite state \ip')- Hence, 
we have proven the present theorem in the case of Qq = ±1. 

Next, we perform the step 1-3-B, where we assume Qe = 0. We prove that if a 
measurement satisfies fl6.10l) - fl6.18l) and Qq^ = Qe = 0, Conditions 1 and 2 are satisfied. 
Hereafter, in the steps 1-3-B and 1-4-B, we assume that the /3-specifying parameter 
Pa is definite and that f l6.10p - fl6.18p and Qq^ = Qq = hold. Because of Lemma 2, 
fl6?T3|) - fl6Trp . f lA.40p - flA.42p and flA.46p . there are the transfer parameter a a and the 
dissipation parameter Pa which satisfy Condition 1. In the step 1-2, we have aheady 
proven Qq = Qq. Thus, we only have to prove Pa = Pa- Because of Qe = 0, flA.lOP 
and f lA.SOp . at least one of A'j and siiup'^ is zero. First, we prove Pa = Pa in the 
case where Aj is zero. Because of flA.54p . the expression Aj = ^ Aj = holds. 
The equation Aj = A^q^.^^ holds if and only if /3a = 1 holds, because of the equation 
^norm ~ = 4(1 — PA)Kap. Thus, if Aj is zero, the dissipation parameter Pa is 
one. As we show below, if Aj is zero, the /3-specifying parameter Pa is also one. Let 
us show this. Because the /3-specifying parameter Pa is definite, A j = ^ sin 7^ 
has to hold. Thus if Aj = 0, then Pa = 1. Thus, if Aj is zero. Pa = Pa holds. Next, 
let us prove Pa = Pa in the case where Aj is not zero. If Aj is not zero, then sim^g 
must be zero, because at least one of Aj and sinf/^g is zero. Because of simp'^ = and 
(IA.52P, Jbc sin v^s = holds. Thus, Jbc sin ip^ = j'^c sin v^s = 0. This means Jbc = j'bc^ 
because j^j^coscyjg = Jbc cos (p^ also holds. Thus, Pa = has to hold, because of (16. 6p . 
Incidentally, the /3-specifying parameter Pa is equal to 0, because of sinyjs = and the 
definition of the /3-specifying parameter Pa- Thus, Pa = Pa- 

Next, let us perform the step 1-4-B. In other words, we prove that if the state and 
the EP-definite state {ip') satisfy Conditions 1 and 2, we can take a measurement which 
transforms the state into the EP-definite state Because of the assumption that 
Qq = 0, the expression Aj = OVsin ip = holds. If Aj = 0, Lemma 4 guarantees that we 
can take the measurement which transforms the state to the EP-definite state 
because of = Qq = Qq. If simp = 0, as we show below, the measurement transforms 
the state into the EP-definite state is a measurement M whose measurement 
parameters a, b, k and 6 satisfy fl6.54p - fl6.56p and f l6.58p . whose entanglement charge 
Qe is substituted by unity and where the probability p satisfies f l6.60p and p > 1/2. We 
have already shown that fl634D -f l636D . f ]638|) . flOTll and p>l/2 satisfy ( KTIh -l Km . 
f lCT]) . fl630|) . (EUD, flerroj) and ( KWf . Because of flOTp - flOO]) . the measurement 
M satisfies f l6.13p -f l6.17p . Because of (16. 29 p . f l6.56p and simp = 0, the equations 
j'^^'' simpf^ = j^j^^ sin (p{^^ = hold. The equation j^^^ siiKp^^^ = holds only if 
sin(^*^°) = or the state ^ip^^^^ is EP indefinite. Thus, Qq^ = 0. In the same manner, 
Qq^ = has to hold, and thus, the measurement M satisfies f l6.18p . Because the 
measurement M satisfies f l6.27p and f l6.10p . the measurement M satisfies (16. lip . Thus, 
the measurement M satisfies fl6.13p - fl6.12p . Hence, the measurement M transforms the 
state lip) to the EP-definite state {tp') because the measurement M satisfies f l6.10p - 
f l6.17p . Qq = Qq\ fl6.68p and (16. 60 p . Now we have shown Theorem 1 in the case of 
Qe = A (the /3-specifying parameter Pa is definite). 
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Finally, we perform the steps 2-1 and 2-2. Because of the definition of the (3- 
specifying parameter [3a, the /3-specifying parameter [3a is indefinite if and only if Aj 
and sinyjs are zero. Hereafter, in the steps 2-1 and 2-2, we assume that Aj = and 
siny?5 = 0. First, we perform the step 2-1. Namely, we show that Conditions 1 and 2 
are necessary conditions. Because of Lemma 2, (]A.40I) - (1A.42I) and (1A.46I) . Condition 1 
is necessary. Let us show that Condition 2 is necessary. Because of Lemma 2, we can 
take < < 1 which satisfies that j'^c = Jbc + ~ '^A)jABC- If < /3a < 1 holds, 
then we have 

fie > jIc, (6.69) 
K'bc = Kbc - (1 - Pa){1 - c^DjIbc < Kbc, (6.70) 

■12 •21 -12 -12 2 I 

Jbc sm <^5 = Jbc - Jbc cos <^5 

= Jbc - Jbc cos^ y^s > jlc - Jbc cos^ y^s = jlc sin^ '/'s, (6.71) 



A 



Anorm = ^ = KI - AKabKacK'bc > K'i - AK^p = Aj. (6.72) 

Thus, if < /3a < 1, then sinyjg > and Aj > hold. Hence, if < /3a < 1, then 
Q'q = ±1. If /3a = 1, we have 

K'bc = jlc + (1 - "a)Jabc + «aJabc = jlc + jABC = Kbc, (6.73) 
Anorm = K^ ' ^KabKacK'bc = Kl - AK^p = Aj = 0. (6.74) 
Thus, if /3a = 1, A J = holds. Hence, if /3a = 1, then Q'q = 0. If /^a = 0, we have 

j'ic = jIc^ (6.75) 

■12 • 2 I ■12 ■/2 2 / 

Jbc sm y^s = Jbc - Jbc cos <^5 

= j'ic - jlc cos^ <^5 = jIc - jlc cos^ <^5 = jlc <^5 = 0. (6.76) 

Thus, if /3a = 0, sinyjg = holds. Hence, if (3a = 0, then Q'q = 0. Hence, 
\Q'q\ = sgn[/3A(l - /3a)] has to hold. 

Next, let us perform the step 2-2. In other words, we prove that Conditions 1 and 2 
are sufficient conditions. To show this, we only have to show that if Conditions 1 and 2 
are satisfied, there is a measurement which transforms the state \i[)) into the EP-definite 
state We define the measurement parameters a, b, k and 6 as follows: 

1 , ^ ^AKABKACj'ABci^ - C^Dil^ 

"=2+^" ~ 2K, ' (^-^^^ 

, 1 n V'^KABKAcj'iBci^-aDil-^A) 

b = ^~Qe ^ , (6.78) 



fccos^ = -Qe V4i^-^Bi^Acji^c(l -a\)il-PA) Jbc cos ^^^^^^ 

2i^5 jABC 



a 



2 



j^^^^Q = x^:^ii:__lAL_ (6.80) 

These four parameters satisfy the following equations: 

a=l-b, (6.81) 
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p = AqO + (1 - Xl)b + 2A0A1A; cos(6' ~ip) = Xl + {1- 2Xl)b + 2AoAiA; cos 6 cos if 

_ 1 ^ ^/4:KABKAcfABci^ - Mil A ^ 2Ao . . Jbccos^\ 

~ 9 ~ OT? I ~ ^ — A1A4COSV3 r 



1 ^ ./AKABKAcjlBci^ - Mil - a\) / K, , 2A 



i2 



77 - Qe^^ TTF? 1 ~ + -2 (^2 As - JBC COS (f^jjBC COS V 



2 27^5 V Kbc jIbc """-Kbc') 2' 

where we use Aq = K^/Kbc and (1A.29I) . From and a = 1 - 6, we obtain (EMD- 
From fl6:82|) and flGTTTll - flCTI) . we obtain 

^b-k' ,(l AKABKAcil-a\)il-M ,,2 , ,2 ^ ^1 ' a\) \ o 

p2 "1^4 4kI ^-^^^^ -^^^^ 4 ; " ^' ^ ^ ^ 

where we used Aj = fr| — 4_ft'ap = 0. Now, we have shown fl6.6l) without its 

fourth column. Next, we obtain j^^sin^f/^g = j^,^ sin^ <^5 + — '^i)jA_BC using 
iscsin^ (/?5 = 0: 

A«A« sin^W = = ±^UI'0.-a)jIbc. (6-84) 

(jg^)'sinV? = (A«Af sinv,«)2 = /3a(1 - (6.85) 

where the double sign ± takes + if i = and takes — if z = 1. Now, we have shown that 
the measurement whose the measurement parameters a, 6, k and 9 satisfy fl6.77p - fl6.80p 
satisfies Condition 1. Let us show that the measurement realizes Condition 2: 

^-^0 ) — 



''2KBC 2KBciK, T Qe^/AKABKAcjlBci'^ ' - a\)) 

KjaliK, ± QeV^KABKAcfABci'^ ' Mil - a^) 

2KBciKl - AKABKAcfABci^ - Mil - aj) ) 
a\iK^ ± Q^^\KABKAcfABci^ - - ^j)) 

2(i ^i?c-(l-/3A)(l-c:^i)jV) 

± Q^\/^KABKAC3\Bci^ - - Ol\) 



2K'bc 



(6.86) 



where if z = 0, the double sign ± is + , and if z = 1, the double sign ± is — . From the 
definition of the entanglement charge Q'^q , fl6.84p and f l6.86p . we obtain Qq"* = Qg ■* and 
\Q'q\ = sgn[/3A(l — /3a)]- Thus, the measurement satisfies Condition 2. Thus, we have 
completed the seventh step. Hence, we have completed the proof of Theorem 1. □ 
Theorem 1 can be expressed in A'-parameters as follows. 

Theorem 1' Let the notations and lip') stand for three-quhit pure states. We refer 
to the sets of the K- entanglement parameters of the state and the state as 
iKAB,KAc,KBc,jABC,J5,Qe) and iK'^j^, K'^^, K'j^fjJ'^^c^ J'b^Q'e)' respectively. We 
assume the state {ip') to be EP definite. We also assume that Jabc 7^ 0. Then, a 
necessary and sufficient condition of the possibility of an A-DMT from the state to 
the EP-definite state is that the following two conditions are satisfied: 
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Condition 1: There are real numbers < < 1 and Cj^^g^, ^ C^"^^ ^ 1 which satisfy 
the following equation: 



(6.87) 
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( Kab \ 


K'ac 






Ca 
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K'bc 
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Kbc 


3 ABC 








Ca 


Jabc 


V ^5 


) 




\ 


Ca) 


\ J 



where 



c 



(A) 

lower 



Jbc 



(6.88) 



{Kbc - CajIbc) ' 

If (a = i o-nd Jbc = hold, we define the lower hound Cj^^gj- unity. 
Condition 2: We first define the (-specifying parameter of A as follows: 
^(A) ^ 3 Bci^ J + ^Kap sin^ ys) 

^Kapfsc sin^ + ^j{Kbc - CaJabc) ' 
where if the state \tp) is EP indefinite, then we define j'^qSvo? (p^ as zero. If the sub 
parameter of A C^'^'> is definite, in other words if the denominator of the (-specifying 
parameter of A Q'^'> is not zero, the condition is Qe = Q'e o,nd (^^'^ = C^^'^- V ^he 
(-specifying parameter of A (^'^'> is indefinite, the condition is 



(6.89) 



\Q'e\ 

or in other words, 



sgn[{l - C^^){( 



{A) 



AA) 

^ lower 



Q'g = for C^^) = 1 or (^^^ = C^^"^ 
Q'q 7^ otherwise. 



lowef 



(6.90) 

(6.91) 
(6.92) 



Comment: Theorem' 1 guarantees that we can specify an A-DMT by determining 
its parameters C*^"^-* and (a- Hereafter we refer to (a and (^"^^ as the main parameter of 
A and sub parameter of A, respectively. Note that if is definite, we only have to 
determine the main parameter of A (a in order to specify an 74-DMT. This is the reason 
why (a is reff erred to as "main." 

Proof: First, we show that Condition 1 of Theorem 1 is equivalent to Condition 1 
of Theorem' 1. Using Kbc — Jbc + Jabc ^^'^ Condition 1 of Theorem 1, we have the 
following equations: 

a\ = (^^\a, (6.93) 

K'^a = C^^^Kbc = Kbc - (1 - Ml - o^DjIbc- (6-94) 

Prom these equations, we obtain the expression of the main parameter of A (a in terms 
of the transfer parameter a a and the dissipation parameter Pa' 

Kbco^a 



KBC-{l-PA){l-a\)3_ 



2 

ABC 



(6.95) 
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Thus, if < OA < 1 and < /3a < 1 hold, then 

Kbc - [l - Pa){1 - aj^jjABC 
where Ca = when a a = 0, while Ca = 1 when oa = 1- From (16.931) and (16 .94^ . we also 
obtain the expression of sub parameter of A (^"^^ in terms of the dissipation parameter 
Pa and the main parameter (a'- 

((^^Kbc = Kbc - (1 - Pa){1 - C^^kA)fABC. (6.97) 

AA) ^ Kbc - (1 - Pa)Jabc (r. ^o) 

^ Kbc - (l - PaXajIbc ^ ' 
Thus, if < OA < 1 and < /3a < 1 hold, then 

Jbc _AA) ^^(A)^^ .g_99^ 



Kbc - CajIbc 

holds, where (^^^ = Cj^^^j, holds, while /3a = and C*-'^'' = 1 holds when /3a = 1. Hence, 
Condition 1 of Theorem 1 is equivalent to Condition 1 of Theorem' 1. 

Second, we show that Condition 2 of Theorem 1 is equivalent to Condition 2 of 
Theorem' 1. We first treat the case where the /3-specifying parameter /3a is definite. We 
first prove that the /3-specifying parameter /3a is definite if and only if the ^-specifying 
parameter of A is definite. In the present theorem and Theorem 1, we assume that 
Jabc is not zero, and thus Kab, Kac and Kbc are not zero. Thus, the /3-specifying 
parameter /3a is indefinite if and only if A j and j^^" sin V^5 are zero. For the same reason, 
the ^-specifying parameter of A Q'^'^ is indefinite if and only if A j and j]^^ sin are 
zero. Thus, the /3-specifying parameter /3a is definite if and only if the C-specifying 
parameter of A is definite. We second prove that if the /3-specifying parameter 
/3a is definite, = Q^'^ holds. Because of (I6.98P and because (3a = $a as shown in 
Theorem 1, 

^ Aj .2 

-'^Bc . , -2 -2 Jabc 

^(A) ^ A J + AKabKacJbc V^s 

Aj + AKabKacJbc V^s 
= jlc(Aj + 4irapsin^ ^^5) ^ ~ ,^ 

AKapjlc sin' ^5 + Xj{Kbc - CajIbc) 

Thus, if the /3-specifying parameter /3a is definite, C'''^^ = C^'^'' holds, and thus Condition 
2 of Theorem 1 is equivalent to Condition 2 of Theorem' 1. Next, we treat the case where 
the /3-specifying parameter /3a is indefinite. As we proved in the previous paragraph, 
the conditions C''^^ = Cj^^gj, and C*''^'' = 1 are equivalent to the conditions /3a = 

and /3a = 1, respectively. Thus, \Q'q\ = sgn[(l — C'''^^)(C*''^^ ~ ^lower-'-l equivalent to 
\Qq\ = sgn[/3A(l — /3a)]- Thus, Condition 2 of Theorem 1 is equivalent to Condition 2 
of Theorem' 1. □ 
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6.1.2. Step 2 of Case 21 In the present section 6.1.2, we obtain a necessary and sufficient 
condition of the possibihty of a C-LOCC transformation from 1-0) to l-^'), where 1-0) and 
1-0') are EP definite. This corresponds to Step 2 of Case 21. 

Lemma 6 Let the notations j'^) and stand for three-qubit pure states. We 
refer to the sets of the entanglement parameters of the states and as 

{KAB:KAC:KBcjABC:J5:Qe) and {K'^b, K'^^: ^bcJ'abc: Q'c) > respectively. We 
assume that both states {ip) and {ip') are EP definite. We also assume that Jabc 7^ 0. 
Then, a necessary and sufficient condition of the possibility of a C-LOCC transformation 
from the state to the state is that the following two conditions are satisfied: 
Condition 1: There are real numbers < (a ^ l;0<Cs<l,0<^c'^l and 
dower — ( — ^ which satisfy the following equation: 



( Kb \ 
K' 



AC 



EC 
J ABC 



\ 



4 



\ 



c 



c 



CaCbC 



c 



( Kab \ 

Kac 
Kbc 
Jabc 



CaCbCc I 



J. 



(6.101) 



where 



jABJAcjBC 



ower 



{Kab - CcJabc) (^ac - CbjIbc) (^bc - CaJabc) ' ^^'"^^^^ 
and we refer to (, (a, Cb and Qc as the sub parameter and the main parameters of A, 
B and C , respectively. 

Condition 2: If the state |'0') is EP definite, let us check whether |'0) is definite or 
not. In other words, we check whether the denominator of the (^-specifying parameter 



c 



Japi^j + 4:Kap sin^ 935) 



(6.103) 



4:KapJapsin (p^ + Aj{Kab - Cc3abc){Kac - CB3ABc)iKBC - CaJabc) 
vanishes or not. When the (.-specifying parameter ( is definite, the condition is 

Qe^Q'e and ( = C (6.104) 
When the (-specifying parameter ( is indefinite, the condition is 

\Q'e\ ^ sgn[{l - OiC - Clower)y^ (6-105) 
in other words, 

= (C = 1 or C = Clower)^ 
7^ {otherwise). 



Q'e 



(6.106) 



Proof: We first describe the structure of the proof. We divide the proof in two 
parts. In the first part, we consider the case where the ^-specifying parameter C, is 
definite. In the second part, we consider the case where the (^-specifying parameter is 
indefinite. In the first case, we prove the present Lemma in the following three steps: 
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1-1 We prove that if wc can transform the state into the state {ip') by performing 
an A-DMT and a i?-DMT successively, we can also transform {ip) into \tp') by 
performing another B-DMT and another A-DMT successively. This holds not only 
for an A-DMT and a fi-DMT, but also a fi-DMT and a C-DMT, or an A-DMT 
and a C-DMT. Thus, we can reproduce an arbitrary C-LOCC by performing the 
following: we perform first A-DMTs, second 5-DMTs, and third C-DMTs. 

1-2 We prove that if we can transform the state 1-0) into the state by performing 
two A-DMTs successively, we can also transform the state l'^) into the state l'^') by 
performing an A-DMT. This statement means that we can reproduce an arbitrary 
C-LOCC by performing an A-DMT, a S-DMT and a C-DMT successively. Thus, 
a C-LOCC transformation from the state to the state \ip') is executable if and 
only if we can transform the state 1-0) into the state l-^') by performing an A-DMT, 
a B-BMT and a C-DMT successively. 

1- 3 We prove that a necessary and sufficient condition of the possibility of the 

transformation which is constituted by an A-DMT, a B-DMT and a C-DMT is 
Conditions 1 and 2 of the present Lemma. 

In the second case where the (^-specifying parameter ^ is indefinite, we prove the 
present Lemma in the following four steps: 

2- 1 We prove that if a DMT from an EP-definite state whose (^-specifying paramter 

is indefinite to another EP-definite state is executable, then the final state's (- 
specifying parameter is definite. Because of this statement, the state which is the 
final state of the first DMT of an arbitrary C-LOCC transformation between EP- 
definite states is C-difinite. Thus, an arbitrary C-LOCC transformation can be 
reproduced by performing four DMTs successively: the first DMT of the C-LOCC 
Tf, an A-DMT T4, a B-DMT Tg and a C-DMT Tc. The first DMT may be either 
an A-, a B- or a C-DMT. We can assume that the first DMT Tf is an A-DMT 
without losing generality. 
2-2 We prove that a necessary and sufficient condition of the possibility of the 
transformation which is constituted by the DMTs T^, Ta, Tb and Tc is Conditions 
1 and 2 of the present Lemma. 

Now, let us perform the step 1-L We perform this by showing a necessary 
and sufficient condition of the possibility of performing an A-DMT and a 5-DMT 
successively and that of the possibility of performing a B-DMT and an A-DMT 
successively are the same. Because of Theorem 1', we can realize the transformation 
IV') W) W) by operating an A-DMT and a B-DMT successively if and only if 
Q'e — Qe and there are < < 1 and < Cb < 1 which satisfy the following equation: 
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Jabc 
J5 



, (6.107) 
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where the sub parameter of A (^"^^ and the sub parameter of B are given by 



jlci^j + AKap sin^ 



4:fBc^ap sin + Aj{Kbc - UJabc) ' 
ijlc)M'} + ^K'J,BK'J,aK'^c sin^ 



(6.108) 
(6.109) 



and where j'j^Q, K'J^^, etc. are the entanglement parameters of the state {ip")- On the 
other hand, we can realize the transformation the — ?• — )■ by operating a 
5-DMT and an A-DMT successively if and only if Q'q = Qq and there are < < 1 
and < < 1 which satisfy the following equation: 



/ Kb 


\ 




(Ca 


\ 


Ub 


\ 


( Kab \ 


K'ac 






(a 






1 


Kac 


K'bc 








1 




Cb 


Kbc 


3 ABC 








(a 




Cb 


Jabc 


\ J', 


I 




\ 


(a J 


\ 




\ J 



(6.110) 



where 



jlc{Aj + 4:Kap sin^ 



^^fAc^S'P sin^ (^5 + Aj{Kac - CbjIbc) ' 

i&n^'}' + ^KbKcKc sin' ^'5" 



(6.111) 
(6.112) 



^U'1^c?KbK'1cK%c sin' ^'5" + ^"J{K-c - Uj'Ibc?) 

and where j^'^, -f^^'^, etc. are the entanglement parameters of 

Note that fl6Tro|) - fl6ll2D are equivalent to fl6J071) -f lCT9|) with the labels A and 
B are exchanged. Hence, in order to perform the step 1-1, we only have to show that 
jg symmetric with respect to the labels A and B. Because of (lA.40p - (]A.42p 
and ( 1A.43I) . the equation fl6.109p can be transformed as follows: 

jlc(^norm + ^KabKacKc sin' v^'5') 



C 



,{B) 



AjIcKabKacKc sin' + ^norm(-^AC CbJabc) 

jlc(Anorm + ^KabKacKc sin' ifl) 

JAc(Anorm + ^KabKacK^ sin^ ^'^) + A'Aorm(l - Cb)jIbc 

Jac 

Jac + AWm(l - Ci?)jlBc/(Anorm + ^KabKacKc sin' ^'^ 



(6.113) 



where A'^qj--^ = 

A';/(aC(^))'. Let us express A'^^j-yj^ and A'^qj--^ + 



AKabKacKbc^^"^ in terms of Kab, Kac, Kbc, Jabc and J5 
Kl - AKabKacKc and fl6A08|) . we obtain 

Aj(l - Ca)jIbc 



From A^^orin 



Anorm = Aj + 4i^ap(l-C^'') 



Aj + 4K 



ap 



4jlc^ap sin^ ^5 + Aj(ii'BC' - CaJabc) 



A.. 



^jIcK&v sin^ v^s + Aj(i^Bc - CajIbc) + 4Kap(l - U)Jabc 
"^Jlc^ap sin^ (^5 + Aj{Kbc - CaJIbc) 



(6.114) 
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On the other hand, from sin^ ^95 
^norm + ^KabKacK'bc sin^ 



Ji/^jABjlcfBC^ we obtain 



Aj + 4i^ap(l-C^^))+4KapC 



JI12 

4 /" 
^■^ap 



ap 



c 



(A) fABi'Aci'BC "^QS^ V^g 
„-//2 A 112 A 112 

JabJacJbc 



Aj + AKs^p ( 1 



JbC COS^ (^5 



4jlc^ap sin^ cp^ + Aj{Kbc - CajIbc) + 4i^ap(l - U)fABC 



Kbc - CaJabc 

Substituting fl6.114p and f l6.115p into (16.1131) and using f l6.108p with it, we obtain 



(6.115) 



JAcfBci^J + 4^ap sin^ (^5 



(6 116) 

jicJlc4^ap sin^ + Aj{Kbc - (AjABc)iKAc - CbJabc) 

Thus, is symmetric with respect to the exchange of the labels A and B. Hence, 

if we can transform the state into the state by performing an A-DMT and a B- 
DMT successively, we can also transform the state into the state \ip') by performing 
another S-DMT and another A-DMT successively. This holds not only for an A-DMT 
and a 5-DMT, but also a 5-DMT and a C-DMT, or an A-DMT and a C-DMT. Thus, 
we can reproduce an arbitrary C-LOCC by performing as follows: we perform first 
A-DMTs, second 5-DMTs and third C-DMTs. 

Next, we perform the step 1-2. We perform this by obtaining specifically the A- 
DMT which can be substituted for two A-DMTs. When we operate the transformation 

— )■ — by operating two A-DMTs Ta and whose main parameters are 
Ca and Ca? respectively, the entanglement parameters change as follows: 
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where C"^^ and C''^'^^ which are the sub parameters of A of DMTs Ta and T^, are given 



c 



(A) 



jlci^j + AKap sin^ 



4jlc^ap sin v?5 + ^j{Kbc - Ca3 



ABC) 



<A) 



3'l,l{A"j + AKl^Kl^K'l,csin'^'i) 
^3'BlK'^BK'kcK'l,c sin^ v'i + ^"AK'I,^ - C'aJ'J^'bc 



(6.118) 
(6.119) 



In the same manner as in deriving (I6.113p . we obtain 



c 



/(A) 



jfc(Anorm + AKabKacK'^q sin^ yg) 

" Aj'^IKabKacK'^c sin' ^'5' + A^^orml^^c " C'aJ'a'bc) 

1 

Anorm(l - C'A)j'Alc/j'Bci^'noim + AKabKacK'^c ^5) 



-.(6.120) 



Deterministic LOCC transformation of three- qubit pure states and entanglement transfer53 



Substituting (I6.114|) and (16.1 15|) into (I6.12UI) and using (I6.118|) with it, we obtain 
^iA)MA) _ _ JBci^J + 4i^ap sin^ (^5^ 



(6.121) 



4jlc^ap sin^ cp^ + Aj{Kbc - CaC'aJabc) ' 
Thus, the successive operation of the DMTs T4 and can be reproduced by an A-DMT 
whose transfer parameter is (aCa- Hence, an arbitrary C-LOCC transformation from a 
state whose (^-specifying parameter ( is definite can be reproduced by performing an A- 
DMT, a _B-DMT and a C-DMT successively. The converse also holds, because successive 
operation of an A-DMT, a 5-DMT and a C-DMTs is a C-LOCC transformation. 

Next, we perform the step 1-3. We can realize the transformation {ip) — lip") — )■ 
lip'") — )■ lip') by operating an A-DMT, a B-DMT and a C-DMT successively if and only 
if Q'q = Qe and there are 0<Cyi<l,0<CB<l and < Cc < 1 which satisfy the 
following equation: 
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,(6.122) 



where 



j%c{^j + 4Kap sin^ (^5) 



4jBc^ap 



sin + Aj{Kbc - CaJabc) 
(Jlcn^j + ^K'^bKcK'^c sin' ^l) 
^{j'kcfnBK'kcKic sin' v'i + ^"AK'^^ " UAbc?) 



c 



"(C) 



(6.123) 



(6.124) 



(6.125) 



"^jTbK'XbK'XcK'^c sin' v7 + A7(^ab - Ccif^Bc)') ' 

Thus, in order to perform the step 1-3, we prove that (^(^)(^'('^)(^"('^) is equal to the (- 
specifying parameter ( of Condition 2 of the present Lemma. We have already shown 
that (^("^)(^'(-^) follows fl6.116p . In the same manner as in deriving f l6.113p . we obtain 



"(C) 
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where 
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Jab + Anorm(l - Cc)jV/(A 
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^norm 
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sm 



(6.126) 



(6.127) 



In the same manner as in deriving (16.1 14p and fl6.115p . we obtain 
Anorm = Ai + 4i^ap(l- W^^) 
= Aj + 4i^ap 



^j{{Kac - CaJabc){Kbc - CaJabc) ' JabJac) 



A 



JacJbc^Kq^ sin^ (^5 + Aj{Kbc - UjABc)iKAc - CbJabc) 
Jlcj|c4irap sin' (^5 + KI{Kbc - Uj\bc){Kac - Cbj\bc) - ^K^vjIbJ Ic 
JAcJBC^^ap sin' <^5 + ^jiKBc - CAjlBc)i^Ac - CbJabc) 



(6.128) 
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and 

(■2 -2 2 

_ JAcJlc^Kap sin^ + KI{Kbc - UJabc){Kac - CbJabc) - ^Kq^^JabjIc 



{Kac - CBjABcli^Bc - CaJabc) 
From fl6126|) . f l6J28D . fl6A29|) and f l6ll6|) . we obtain 

^(A)^>{B)^n{c) ^ Jap(Aj + 4irapsinV5) 



(6.129) 



4is:ap Jap sin (p^ + Aj{Kab - CcjABc)i^Ac - CB3ABc)i.KBC - CaJabc) 
= C (6.130) 

Hence, we have performed the step 1-3, and thus have shown the present Lemma in the 
case where the (^-specifying parameter ( is definite. 

Next, we perform the step 2-1, where ( is indefinite. Because of Theorem 1, the 
following relation among the entanglement parameters of the initial state and the 
final state \ip') of an A-DMT holds: 

■12 -21 -12 -12 2 I -2 I o /I 2 \ -2 -2 2 

Jscsm <^5 = Jbc - Jbc COS = Jbc + Pa{1 - UaJJabc - Jbc^^^ 

= ilc sin^ ¥^5 + /3a(1 - a\)j\Bc^ (6.131) 

A'^ = a\{Kl - AKabKacK'bc) = <^\{Kl - AKabKac{j^c + j'Ibc)) 

= <{Kl - AKabKacUIc + /3a(1 - ^DjI^c + «aj1bc)) 

= a\{Kl - AKabKac{Kbc - (1 - ^{1 - o?a)3\bc + o^a^abc)) 

= a\{Aj + (1 - /3a){1 - aDjlscKABKAc), (6.132) 

where jsc and -ft'sc etc. and j'^c and -K^bc ^^c- entanglement parameters of 

the EP-definite states lip) and lip') respectively. Because the EP-definite state lip) is (- 
indefinite, both of Aj and jsc simp^ are zero. Substituting Aj = and Jbc simp^ = 
into (16.1311) and (16.1321) . we can see that both of Aj and j^j^siny^g are zero only if 
the transfer parameter aA is one. The equation a^i = 1 means that the A-DMT is 
the identity transformation. Thus, we have completed the step 2-1. Thus, an arbitrary 
C-LOCC transformation can be reproduced by performing four DMTs successively: the 
first DMT of the C-LOCC T^, an A-DMT Ta, a 5-DMT Tb and a C-DMT Tc- The 
first DMT can be either an A-, a -B- or a C-DMT. We can assume that the first DMT 
T is an A-DMT without losing generality. 

Next, we perform the step 2-2. We refer to the final state after the first 
DMT T as and refer to the entanglement /^-parameters of the state lip") as 
{K'^Q, K'^^, K'^^, Jabci ^^5 ) '^e)- ^ necessary and sufficient condition of the possibihty of 
the C-LOCC transformation is the existence of the parameters < Cao < Ij < < 1, 
< Cb < 1, < Cc < 1 and j%(j/{KBc - CaoJabc) < Co < 1 which satisfy the following 
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equation: 
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\ J. J 
(6.134) 



Let us prove that these conditions are equivalent to Conditions 1 and 2 of the present 
Lemma. In other words, we prove the following statements: 

Statement 1 The following inequality holds: 



(6.135) 



<CoC'< 1,(6.136) 



{Kab - CcfABc)i^AC - CBfABc)i^BC " CaCaoJabc) 

where the left equality of f l6.136p holds if and only if is equal to jsc/i^BC 
(aoJabc)' while the right equality of fl6.136p holds if and only if (q is equal to 1. 
Statement 2 The equation fl6.134p is equivalent to 



|Q;.|=sgn[(l-CoCO(CoC- 



AbAc^'bc 



{Kab - Cc3abc)(Kac - Cb3abc)(Kbc - CaCaoJabc 
First, we prove Statement 1. In order to perform the proof, we use the following 
equations which hold because the ^-specifying parameter C is indefinite if and only if 
Aj = and sin ip^ = 0: 



)].(6.137) 
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(6.141) 



^norm + 4i^apCo sin^ ip'^ 
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(6.142) 
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Because of these equations, (lA.40p - (lA.43p and = (q{Kbc — CaoJabc)' (I6-135P can 
be transformed as follows: Substituting (IA.40p - flA.43P and K'^fj = (qKbc into fl6.135p . 
we obtain 

JABJAcfBciKoim + 4i^apCo sin^ ip'[) 

KqK^P3ab3ac3'bc sin^ vl + ^'koim{K ab - Cc3abc){Kac - Cb3abc)Co{Kbc - UUqIabc 
Substituting flCT0|) - fl67[i2D into fICM . we obtain 

C = (6.144) 

3AB3Aci^ ~ CAo)jABC 

3AB3AciCoiKBc - Cao3abc) - 3lc) + (1 - Cq){Kab - Cc3ABc)i^Ac - CB3ABc)iKBC ' CaCao3abc) ' 
Note that we can express the denominater of (16.1440 as 

Co{3ab3ac{Kbc - CaoJabc) - (^ab - C,c3'abc){Kac - Cb3\bc){Kbc - C,aCao3abc)) 

+ (the part irrelevant to Co)- (6.145) 

Because of 

31b31c{Kbc-Cao31bc)-{Kab-Cc31bc){Kac-Cb31bc){Kbc-CaCao3abc) < 0. (6.146) 

( I6.144P and fl6.145p . the denominator of (' is a monotonically decreasing function of Co- 
Thus, the quantity (' is a monotonically increasing function of Co- Additionally, from 
(16. 1441) . we obtain 

CoClco=i = 1, (6-147) 

■2 '2 '2 

A A/| 3ab3ac3bc ('R^/lfi^ 

ICo=i|c/(^BC-CAoiiBc) ~ ~ 7—2 TTf? 7—2 TTf? a a .2 ^-6-i48j 



Thus, 



{Kab - Cc3ABc)iKAC - CB3ABc)iKBC " Ca(ao3abc) 



2 ^""^ -— ^^<CoC<l (6-149) 



{Kab - Cc3ABc)i^AC - CB3ABc)i^BC - CaCao3abC 

holds, where the left equality of fl6.149p holds if and only if Co is equal to Jbc / {Kbc — 
CaoJabc) y while the right equality of fl6.149p holds if and only if Co is equal to one. Now 
we have completed the proof of Statement 1. 

Next, we prove Statement 2. Note that the left equality of (16.1490 holds if and only 
if Co is equal to jj^^j/^KBC ~ CaoJabc)^ ^^^^ right equality of (I6.149P holds if 
and only if Co is equal to one. Thus, (16.1340 is equivalent to (I6.137p . 

Hence, Conditions 1 and 2 of the present Lemma is a necessary and sufficient 
condition even if C is indefinite. Because of (I6.14O0 . (I6.147p . (I6.148P and (I6.137p . we 
can reproduce the sequence of operations T — )■ T4 — )• Tb — )■ Tc by the following three 
DMTs: an A-DMT whose main and sub parameters are (aCao and Co? respectively, a 
i?-DMT whose main parameter is (b, and a C-DMT whose main parameter is Cc- D 

Note that the proof of Lemma 6 guarantees that an arbitrary C-LOCC can be 
reproduced by performing an A-DMT, a 5-DMT and a C-DMT. 
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6.1.3. Step 3 of Case 21 Conditions 1 and 2 of Lemma 6 is necessary and sufficient 
not only for a C-LOCC transformation between EP-definite states but also for a 
deterministic LOCC transformation between EP-definite states. We show this statement 
in the following theorem. This corresponds to Step 3 of Case 21. 

Theorem 2 Let the notations and stand for three-qubit pure states. We 
refer to the sets of the entanglement K -parameters of the states and lip') as 
{KAB,KAc,KBc,3ABC,Jb,Qe) and {K'^j^, K'^^, K'j^^, j'^j^^, J'r^,Q'^), respectively. We 
assume both \ip) and {ip') to be EP-definite. We also assume that Jabc 7^ 0. 
Then, a necessary and sufficient condition of the possibility of a deterministic LOCC 
transformation from the state to the state is that the following two conditions 
are satisfied: 

Condition 1: There are real numbers < < 1? < ^ 1; < < 1 and 
Clower — C ^ 1 which satisfy the following equation: 
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(6.150) 



where 



J, 



ap 



ower 



{Kab - Cc3abc){Kac - CbJabc) (^bc - CaJabc) ' 
and we refer to C,, C,a, Cb and C,c as the sub parameter and the main parameters of A, 
B and C, respectively. 

Condition 2: Let us check whether the EP-definite state is (-definite or not; in other 
words, we check whether the denominator of the (^-specifying parameter 



c 



Jap{Aj + AKap sin'^ 



(6.152) 



4:KapJapsm^ (p5 + ^j{Kab - C,c3abc){Kac - C,b3abc){Kbc - CaJabc) 
vanishes or not. When the (-specifying parameter ^ is definite, the condition is 

Qe = Q'e and ( = C (6.153) 
When the (-specifying parameter ( is indefinite, the condition is 

\Q'e\ ^ sgn[{l - OiC - Clower)]-^ (6-154) 
in other words, 

' = (C = 1 or C = C/c 
7^ (otherwise). 



Q'e 



lower n 



(6.155) 



Proof: To prove the present Theorem, it suffices to prove the following statement 
S: "An arbitrary deterministic LOCC transformation can be reproduced by a C-LOCC 
transformation." Once we prove this statement, we can use Lemma 6 in the section 6.1.2 
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Figure 10. The method of counting the number TV. In this figure, Mi, M2 and M3 
denote measurements and I denotes the identity transformation. The number is 3 
in this example. 

to prove Theorem 2. We prove the statement S by mathematical induction with respect 
to A^, which is the number of times measurement are performed in the deterministic 
LOCC transformation. 

First, we define how to count the number of times of the measurement. Let 
the notation T stands for an arbitrary LOCC transformation. We fix the order of 
measurements in the LOCC transformation T cychcally: If the first measurement of the 
LOCC transformation T is performed on the qubit A, the second one is on the qubit 

B, the third one is on the qubit C, the fourth one returns to the qubit A, and so on. 
If the first measurement is performed on the qubit B, the second one is on the qubit 

C, and so on. We can attain such a fixed order by inserting the identity transformation 
as a measurement. The LOCC transformation T may have branches and the numbers 
of times the measurements are performed may be different in different branches. We 
refer to the largest of the numbers as the number N. We can make the number of each 
branch equal to by inserting the identity transformations. An example is given in 
Figure [TOl We use this counting procedure in the proofs of other theorems, too. 

Next, let us prove Theorem 2 by mathematical induction with respect to the number 
A^. An arbitrary deterministic LOCC transformation with = 1 is also a C-LOCC 
transformation. Thus the statement S clearly holds for A^ = 1. We prove the statement 
S for N = k + 1, assuming that the statement S is proved whenever 1 < N < k. 
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Figure 11. The deterministic transformation from the state ['!/''■*■') to the state 

is reproduced by a C-LOCC transformation. We refer to the transformation from the 

state IV'^'^) to state as r(,). 



Let the notation T stand for a deterministic LOCC transformation with N = k+1. 
We can assume that the first measurement of the deterministic LOCC transformation 
T is performed on the qubit A without loss of generahty, because the state \ip) is an 
arbitrary EP-definite state. We define states {!'?/''•*■')} as results of the first measurement 
{M(i)|^ = 0,1} (Figure [n 



For M(j), we define the measurement parameters a(j), 



and 6'(j) as follows: 
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-ie, 
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(6.156) 



We can assume that sin^^(o) > without losing generality. Because of the assumption 
for N = k, a deterministic LOCC transformation with N = k from the state \-ip^^^'^ to 
the final state can be reproduced by a C-LOCC transformation T(j). Lemma 6 tells 
us that, we can express the C-LOCC transformation T(j) in terms of DMTs 
and whose DMs are performed on the qubits A, B and C, respectively (Figure [TTj) . 



Let the notation {K%,K%,K%,j%c^jf,Ql^] 



stand for the set of the 



entanglement /^-parameters of the state |'?/''^*)). Lemma 6 and flA.431) give that the 
C-LOCC transformation Tu) changes the entanglement parameters as follows: 
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respectively. 

.{i) ^{i) A.i) , 
^A 



must be independent of i 

^■^fCfcfCcC^'-'^C^^^C^'''^- Similarly, the prod- 



uct (a(*))2(W(W^A(i)^B(i)^c(i) ^^g^ independent of i because K'^c/^ac = 
^(«)^2^W^W^A(j)^_B(i)^c(«)_ Hence, the main parameter must be independent of 
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Figure 12. The concept of the statement 5*2. The Route S2 is realized by an ^-DMT 
whose DM is a two-choice measurement. 

i. In the same manner, we can show that the main parameter must be also inde- 
pendent of i. Note that the DMT is a DMT between EP-definite states and that 



the step 2-1 of Lemma 6, ( 1A.52P and ( 1A.54P guarantees that the final state of a DMT 



between EP-definite states is ^-definite. Thus, the ^-specifying parameters of the states 
after DMTs T^'* and T^*'' are definite. Thus, the sub parameter C^^"^^ is equal to the (- 
specifying parameter of the state after each DMT T^*"*. Hence, the sub parameter C*-^'^*) is 
a monotonously increasing function of the main parameter (^\ because the (^-specifying 
parameter of the state after each DMT T^*^ is a monotonously increasing function of 

Thus, the quantity C'"'^*^Cc'' ^ monotonously increasing function of the main pa- 
rameter (q\ This means that if the main parameter is specified, is also 
determined uniequly. Thus, C*^^*'*Cc^ is independent of i because the main parameter 
(q^ is independent of i. Hence, the entanglement parameters of the initial state of each 
DMT T^^ is independent of i, because (q\ C'"*'*''Cc'* the state {ifj") are independent 
of i. In the same manner, the entanglement parameters of the initial state of each DMT 
T^*'' are independent of i. Let us refer to the initial EP-definite state as (Figure [T2l) . 

Therefore, we only have to prove the following statement 82'- "A deterministic 
LOCC transformation which consists of the measurement M(j) and the DMT T^^ can 
be reproduced by an A-DMT whose DM is a two-choice measurement." The reason 
why we have to prove the statement 5*2 is that a C-LOCC transformation consists of 
DMTs whose DMs are two-choice measurements. We prove the statement S2 by showing 
that an A-DMT whose DM is a two-choice measurement can realize the change of the 
entanglement parameters which is caused by performing the measurement M(j) and the 
DMT T^^ successively. We refer to the A-DMT as T4. Then, we can reproduce the 
deterministic LOCC T by performing the DMTs T4, Tb and Tc successively (Figure fT2l) . 
The number of times of the measurement of the transformation T is and thus if we 
have proven the statement 5*2 we can also prove Theorem 2 by completing mathematical 
induction. 

We denote the set of entanglement J-parameters of the state lip") in Figure [12] 
by UAB^fkc^jBc^jABC^Jb^Qe)- prove the statement 5*2 by showing that the sets 
of J-parameters {jAB, 3ac^ 3bc^ 3abc^ Jb^Qe) and Jac^ Jbc^ Jabc^ J'b^Q'e) satisfy 
Conditions 1 and 2 of Theorem 1. 

Let us prove that the sets of J-parameters {jab^ Jac, 3bc, Jabc^ -hiQe) and 
(jABy flcy fscy f-ABCy "^5 ' Q'e) Satisfy Condition 1 of Theorem 1 by examining the change 
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of the J-parameters Jab, Jacj Jbcj Jabc and J5. First, we examine the change of the 
J-parameters Jab, 3ac and Jabc- From (IA.40p - flA.42p . we have the following three 
equations: 

Jll = {^^^c^^^YjIb. (6.158) 
& = (6.159) 
Jabc = («?««)^j1^c, (6-160) 

where a^^ is the transfer parameter of the transformation T^^ . 

Second, we examine the change of the J-parameter J5. From = {a^^yj^^\ it 
follows that the product (a^'*)^ Jg*"* must be independent of i. Note that the product 
{a^^a^^^y must be independent of i because J'abc ~ ('^A'*Q^*-*^jABc)^- Hence, we 
have Jg*'* oc (a*-*-*)^. Thus, we can take a constant 7 which satisfies the equation 
J« = 7(a(*))V5. The equations flA:28|) . f lXiOj) and flAliTj) give that = 
2{a''^^)'^jABjAcjBc'^'^^f5^ and J5 = 2jABjAcjBC cos (f 5. Hence, we obtain the equation 
j^^cosyjg^ = "yjBc cos(p^. This equation and (1A.48I) give that 7 = 1. Then, the 
equations 

jjj'^ cos ^ = JSC cos v?5 and J^'^ = {a'-'^fj^ (6.161) 

hold. This means that we have obtained the change of the J-parameter J5 in the form 

4' = {a^^a^'^fj,. (6.162) 

Third, we examine the change of the J-parameter Jbc and prove that the sets of 
J-parameters (Jab, Jac Jbc, Jabc, J5) and Wab, Jac Jbc Jabc ^ J'b) satisfy Condition 1 
of Theorem 1. Because of Lemma 5, at least one of k'^b)j and -ft'^^^ is less than or equal 
to Kbc- Because both of Tf^ are A-DMTs, the inequalities K'^(j < K^^c hold. Thus, 
we obtain K'^^ < Kbc- Because of Lemma 2, at least one of is more than or equal 
to Jbc- Because both of T^^ are A-DMTs, the inequalities < Jbc hold. Thus, we 
obtain Jbc < Jbc- Because of K'^^ < Kbc and Jbc < Jbc '^^^ ^ parameter 
< /3a < 1 which satisfies 

Jbc = jIc + /3^(1 - («^^^««)^)j1^^. (6.163) 
Note that f l6.158p -( l6.160l) . ( I6.16ip and (16.1631) mean that {Jab, Jac, Jbc, Jabc, J5) and 
(fAB,jAcJBcJABC^ 4') Satisfy Condition 1 of Theorem 1. 

Next, let us prove that {jAB,jAc, Jbc, Jabc, J5, Qe) and (Jab, fie Jbc Jabc J'i, Qe) 
satisfy Condition 2 of Theorem 1. 

First, we prove this in the case where the ^-specifying parameter ( of the state lip) 
is indefinite by examining the change of the entanglement charge Qq. In other words, we 
prove that the entanglement charge Qq is zero if and only if the dissipation parameter 
Pa is zero or one. Because of (1A.19I) and ( 1A.30I1 . Qq is zero if and only if at least one of 
A J and simp" is zero. First we prove that sinip" > if and only if 13a > 0. Because of 
(16.1611) and because both of T^^ are A-DMTs, we obtain 

Jbc cos v^s = Jbc cos (p^. (6.164) 



Deterministic LOCC transformation of three- qubit pure states and entanglement transfer62 



From fl6.163p and f l6.164p . we obtain 

JbI sin^ ¥^5 = jIc sin^ ¥^5 + - = - (6.165) 

Thus, j'^^sinif'^ > if and only if 13a > 0. Because the state is EP-definite, 
fsc ^ holds, and thus siiup'^ > if and only if > 0. Next, we prove that A'j > 
if and only if 1 > /3. From (lri58l) - (l6J60|) . (16T6T|) and (16J63|) . we obtain 

A" 

^norm = , ... = ^5 " ^KabKacK'bc 

= 4irABi^AcjlBc(l - - (6.166) 

Thus, Aj > if and only if 1 > Pa- Hence, the entanglement charge Qq is zero if and 
only if the dissipation parameter Pa is zero or one. Thus, the entanglement charge Qq 
and the dissipation parameter Pa satisfy Condition 2 of Theorem 1. 

Now, we have proven that if the ^-specifying parameter C, is indefinite, the sets 
of J-parameters {jABjAcjBC,jABC,J5,Qe) and {jABdAcdBcdABc^J'i^Q'el satisfy 
Conditions 1 and 2 of Theorem 1. Thus, we can reproduce the transformation from 
the state to the state by an A-DMT whose transfer parameter and dissipative 
parameter are a^'^a^'* and the dissipation parameter Pa-, respectively. Hence, we have 
completed the proof of the statement 5*2 in the case where the /9-satisfying parameter C, 
is indefinite. 

Next, let us prove that {JabJac, Jbc, Jabc, J5, Qe) and {JabJac^ Jbc^ 3abc^/^^ Qe) 
satisfy Condition 2 of Theorem 1 in the case where the ^-specifying parameter ( is def- 
inite. In other words, we prove the equations Qe = Qq and Pa = Pa- 

First, we prove Qe = Qq. We prove this equation by using the equations f l6.17ip 
and fl6.172p . which we derive below. In order to derive ( I6.17ip and ( 16. 1720 . we first 
show that the (^-specifying parameter which is the ^-specifying parameter of the 
state I '?/'''*■'), is definite by reduction to absurdity. Let us assume that the ^-specifying 
parameter (^^^ were indefinite. Because the (^-specifying parameter (^''^ is indefinite, 
both of sin ^ and A would be zero. We could take a real number P^"^^ which satisfies 
(isc)^ = + ~ ('^*''^)^)iiBC- Note that the number can be more than one or 
negative, which can differ from dissipation parameter Pa- Because of fl6.16ip . we would 
obtain 

(jU^sinypW)^ ^ jlcsinVs + /3«(1 - (««)^)j1bc- (6-167) 

Because of fl6.167p and sinf/jg-* = 0, at least one of the following two expressions would 
hold: 

((«(*))'> 1) A (/3« > 0), ((«(*))'< 1) A (/3« < 0). (6.168) 
On the other hand, we will later derive the following expression: 

((a«)2 > 1) A (/3« < 1), ((a«)2 < 1) A (/3« > 1). (6.169) 
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The expressions fl6.168p and (16.1691) contradict each other; Because of Lemma 3, 
< 1 holds for at least one of i. Thus, for at least one of i, {(3^^ < 0) A {(5^^ > 1) 
would hold. This is a contradiction. Thus, if we derive f l6.169p we complete the proof 
that the ^-specifying parameter C*^*) is definite; if the ^-specifying parameter Q'^^ were 
indefinite, there would be a contradiction, and thus the (^-specifying parameter Q^'^ is 
definite. 

Let us derive (16.1691) . First, we transform A^q^^^^ = Aj^/(a(*^)'^ as follows: 

^norm - - - l« ) ^^(.^y 

= Kl - AKabKacK% = Kl - AKabKac{jIc + /^^^^l - {<^^'^f )fABC + {(^^"^fjlsc) 
= Kl - AKap + AKabKac{1 - - («^^^)')j1bc 

= Aj + AKabKacH - - («^^^)')j1bc- (6-170) 

Because of (I6.170p and Aj-* = 0, (16.1691) has to hold. Thus, the ^-specifying parameter 
C*-*'' is definite. 

Next, let us derive the following equations which we use to prove Qe = Qe! 
_ pf/ _ ^norm _ ^norm 



AWm + ^KabKacJ^I sin' ¥^'5' A« + ^KabKacU^c)' sin' 

= l-/3'^A (6.171) 

(6.172) 



Q'^ty/Kj jBc sin 



V^nx)rm ^bc sin V^s 

where [i^^ , A^q^-j^ and A^q^-j^ are the /3-specifying parameter of the state | 

A^^orm = A';/(a»a«)^ = K| - AKabKac^c and A« ^m = A«/(««)' = 
Kl — AKabKacK^^^q, respectively, and where t is determined as follows: If Qe = 1) 
t is +1. If Qe = —1, t is —1. If Qe = 0, t can be either +1 or —1. Because the 
^-specifying parameter is definite, the /3-specifying parameter is also definite. 
Because T^^ is an A-DMT, we obtain 

A", 

1-/3"a- ^ 



A'} + AK'^^K'icf^l sin' ^'^ 
Af + AK%K%{j%^ni - - {gi^^f) 

Af + AK%K%{3%^ni - (a«)2) + AK%K%U%? sin^ 

Af + AK%K%{j%^ni - {a^^Y)+AK%K%{jf^-,^^ 



A 



Af+AK%K%{j^ysn^^f 
The equation (I6.173P can be transformed to (16.1710 with 



I3^2'- (6.173) 



J'bc sm" V's A']^Qj.]2i 



\J bc) s^i^ v^5 _ ^norm (r. 1 
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Because a DMT between states whose ^-specifying parameter are definite conserves the 
entanglement charge, the expression Q^^ = Q^^ = Qq ^ holds. Because we have 
assumed sin 6**^"^ > 0, the equation Qq^ = Qq^ = Qq ^ is equivalent to the following 
equations: 



= ^il^iV^(„,„,). _ PymyJSi±l^^ (8,175) 



(1) 2 ^ K^ + Q^^s^l^^ ^ l_-p^,^ K, + t^j 

[\ ) l« J 1-6^" ^ 2Kbc ' ^ ^ 

where s and t are determined as follows: if sinyj'-^'' > 0, s is +1. If sincp^^^ < 0, s is —1. 
If Qe = 1, t is +1. If Qe = —1, t is —1. If Qe = 0, t can be either +1 or —1. Because of 
f lGTTS]) . f l6Tr6|) and K%/Kbc = {Ki - ^^^oxt^^I^^I " ^j). we obtain the expression 
of the probability p in terms of Aj and A*-*"* 



norm- 



Qlt^j-s\^f 



y o y ^norm , , 

P= r-, = I , (6.177) 

Y ^norm y ^norm 

Because of (lA.49p . 

PjBC sin ¥^5°^ + s(l - p) sin i^^^ = Jbc sin ip5- (6.178) 
From f l6.178p . we obtain 

^ JBC sin(^5-gji^siny^^'^ 

^ .(0) . (0) .(1) . {!)• {V.ilJ) 

Jbc sm - ^Jbc sm ¥^5 
From (^JWl, (EHZD and ( KTm . we arrive at fl072]) . 

Let us prove Qe = Qe ^y using f l6.17ip and fl6.172p . We perform this proof in the 
following three steps. First, we prove that if Qe 7^ holds, Qg 7^ also holds. Second, 
we prove Qe = Qe = in the case where Qe = 0. Finally, we prove Qe = Qe in the 
case where Qe 7^ 0. 

Let us prove that if Qe 7^ holds, Qg 7^ also holds by reduction to absurdity. 
Let us assume that Qe 7^ and Qg = held. Because a DMT between (^-definite states 
conserves the entanglement charge, the expression qP = Q« = Q'^ = would hold. 
Because of Qg^'' = Qg'' = 0, at least one of sin^jg^ and Aj^ would be zero. Thus, at 
least one of 

(A^V 0) A (siny^f = 0) (6.180) 

and 

(Af = 0) A(sin(^^°V0) (6.181) 
would hold and at least one of 

(A[,^V 0) A (siny?^^^ = 0) (6.182) 
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and 

(AJ/^ = 0)A(sin¥P^^V0) (6.183) 

would hold. Note that substitution of f l6.180p and f l6.183p in f l6.174p makes a 
contradiction and that substitution of fl6.18ip and fl6.182p in (I6.174p makes a 
contradiction. Thus, there can be only two pairs which could be valid; ( fl6.180p and 
(I6I82])) and ff lOSTl) and (1083)) ). Because of Qe ^ 0, both of sm^f and Af would 
be more than zero. If ([6ll80]) and fl6J82|) held, {sm^f = 0)A(siny?^^^ = 0) A (sin (^5 ^ 0) 
would hold. This contradicts (1X49]) . If (lOSTj) and ( ]083|1 held, (A^^ = 0) A (A[/^ = 
0) A (Aj = 0) would hold. This contradicts Lemma 5, because 

= A? = (a«)^A« = («^^^)'(^5 - ^K^bKacK^) < Aj + (|6.184) 

Hence, if Qe 7^ and Qg = held, there would be a contradiction, and thus if Qe 7^ 
holds, Qg 7^ also holds. 

Next, we show that Qe = Qe ^^^^ where Qe 7^ 0. If Qe 7^ holds, Aj > 0, 

jscsinv^s > and Qg 7^ hold. Because of Qg 7^ 0, the equation (16.1720 holds. Thus, 
because of the definition of t and the equation (I6.172p . if Qg 7^ 0, then Qg = Qg holds. 
If Qe = 0, the expression Aj = V ^bc sin 995 = holds. Because we assumed that 
the C-specifying parameter C, is definite, A j = A jsc sin 9?5 = does not hold. This 
contradicts (l6T72il . Thus, if Qe = 0, Q^^ = has to hold, because if Qe ^ then (l6T72il 
holds. Hence, Qe = Qe holds even if Qe = 0. 

Next, we prove /3a = /3a- In other words, we show that 

IBC = jIc + Pa{1 - (««««)^)jl^e- (6.185) 

First, we prove this in the case of Qe 7^ 0. From fl6.174p . (I6.172p and Qe = Qq, we 
obtain 

ilcsinVs _ A J 



j^(jbm ip^ ^norm 

jIc sin' ^5(Aj - AKABKAcifl^l ' jIc + ((«^*^«SV - 1)j1bc)) = Jbc sin' V's Aj, 
-4i^ABi^Acj|c sin' ^5(j^'c - jIc) + ^KabKacjIc sin' ^5(1 - («^'^«SV)j1bc = (j^c - jlc) Aj, 

A J + AKabKacJbc sm V^s 

= + ^a(1 - («^^^«?)')j1bc, (6.186) 
where we used 

■112 ■ 2 II -2 -2 -112 -2 In 1 

Jbc sm <^5 - Jbc sm <^5 = Jbc - Jbc- (6.187) 

Thus, if Qe 7^ 0, we can reproduce the transformation from the state to the state 
I?/'") with an A-DMT whose transfer parameter is (a^^-'a^'*)^. 

Second, we prove (3a = Pa in the case of Qe = 0. Because of Qe = Qe, then 
Qg = has to hold. The equation Qg = is equivalent to sin (^95 = V Aj = 0. We have 
already shown that A'^Q^^n. — ^^d J'^q sin ip'^ > jj^^ sin^ (^5 hold. In the present case. 
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sillies = A A J = does not hold, because ( is definite. Thus, if Aj = 0, A'j^q^-j^ = 
has to hold. Hence, we can obtain j'^^^ = + — (a;*^*^a^'')^)j^ 



Jabc follows: 



Kbc 



- K" 



Kl - AKabKacKc 



A" 

^norm 



0, 



f^l=fBC + il-ic.^'^C.^^r)fABC=jlc + 



AKABKAciBC sin^ V^s 



-(1 - {c^a^f)f 



ABC 



Aj + AKabKac3bc sin^ 
+ hil-{o^^^af?)3\BC- (6.188) 
Furthermore, if siny^s = 0, sinyjg = has to hold. Hence, we can obtain as follows: 



jIbc 



■2 • 2 -112 • 2 II n 

Jscsm <^5 = Jscsm = 0, 

■>I2 _ -2 _ -2 , AKabKacHc^'^'^^ 

J EC ~ Jbc ~ Jbc + 



Aj + AKabKacjIc^^^ V^s 



a' 'a 



2 

ABC 



(a^ 'a 



2 

ABC- 



(6.189) 



Thus, we have shown fl6.189p . Hence, if Qq = 0, we can reproduce the transformation 
from the state {ip) to the state with an A-DMT whose transfer parameter is 

a^'')^. Now, we have completed the proof of the statement 5*2. Namely, we have 
completed the proof of Theorem 2. □ 

Thus, we have proven Main Theorem 1 in Case 21. Because of the statement S of 
Theorem 2 and the fact that any C-LOCC can be reproduced by three DMTs, we have 
also proven Main Theorem 2 in Case 21. 

6.1.4- A necessary and sufficient condition of an n-choice DMT between EP-definite 
states Theorem 2 guarantees that the condition of Theorem 1 holds not only for an 
arbitrary two-choice DM, but for an arbitrary n-choice DM. 



Corollary 2 Let the notations and {ip') stand for three- qubit pure states. We refer to 
the sets of the K -parameters of the states \ip) and \ip') as {Kab, Kac, Kbc, Jabc, J5, Qe) 
and {K'ab, K'ac, K'^q, Jabc, Q'e)' respectively. We assume lip') to be EP definite. We 
also assume that Jabc 0- Then, a necessary and sufficient condition of the possibility 
of an n-choice A-DMT from the state \ip) to the state \ip') is that the following two 
conditions are satisfied: 

Condition 1: There are real numbers < ^ 1 and 
satisfy the following equation: 

( Ca \ I Kab\ 

Ca Kac 



J%c_ 



{Kbc-UJabc) 



< ^ < 1 which 



( K'ab \ 



K', 
K' 



AC 



BC 

Jabc 



V 



4 



c 







V 



K 



BC 



Jabc 

V ^5 / 



(6.190) 



Condition 2: If the state \ip') is EP definite, we define the (-specifying parameter ( as 
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follows: 

^Kapjlc sin' <^5 + Aj(irBC - UJabc) ' 
where if is EP indefinite, then we define j'^^ sin^ Lp^ as 0. If the C,- specifying 
parameter ( is definite, in other words, if the denominator of the (-specifying parameter 
( is not zero, then the condition is Qe = Q'e ^^^^^ C = C- U C indefinite, in other 
words, if the denominator of the (-specifying parameter ( vanishes, then the condition 
is 



\Q'e\ = sgnlil -(){(- ,^ ^7 . )], (6.192) 

[Kbc - ( A3 ABC) 

Comment 

This corollary guarantees that the condition of Theorem 1 holds for an arbitrary 
n-choice measurement. 

Proof: Lemma 1 guarantees that an n-choice measurement performed on the 
qubit A is equivalent to a deterministic LOCC transformation whose measurements 
are performed only on the qubit A. We refer to a deterministic LOCC transformation 
whose measurements are performed only on the qubit A as Tla- We prove the statement 
5*3: "The deterministic LOCC transformation T^a from the state to the state 
is executable if and only if Conditions of Theorem 2 whose (b = (c = ^ are satisfied." 
If we can prove the statement 5*3 , we can also prove the present Corollary: Because 
Conditions of Theorem 2 whose (b = (c = ^ are equivalent to Conditions of the present 
Corollary. 

Theorem 2 guarantees that the deterministic LOCC transformation T^a is 
executable if Conditions of Theorem 2 whose (b and (c are equal to one are satisfied. 
Thus we only have to prove that if Tla is executable then = ac = 1 holds, 
in order to prove the statement 5*3. If 7^ 1 or a^; 7^ 1, then we have jab '■ 
Jac '■ Jabc 7^ Jab '■ Jac '■ Jabc- However, the measurements of the deterministic 
transformation T^a are performed only on the qubit A, and thus flA.40p - flA.42p give 



that Kab '■ Kac '■ Jabc — ^'ab '■ ^'ac '■ Jabc- Then, if the deterministic LOCC 
transformation T^a is executable, we have = Cc = 1- D 



6.2. Case^ 

In this subsection, we consider an arbitrary deterministic LOCC transformation from 
an arbitrary EP-definite state to an arbitrary EP-indefinite state (Case 53). In this case, 
we can prove Main Theorems directly, not following Steps 1-3. A deterministic LOCC 
transformation from an EP-definite state to an EP-indefinite state is executable only if 
the final state is biseparable or full-separable. We prove Theorem 3, which includes the 
above statement. In this subsection, we prove theorems including the case of Jabc = 0. 

Theorem 3 Let the notation Tsl stand for an LOCC transformation from an arbitrary 
EP-definite state to arbitrary EP-indefinite states {!'?/''■*■')}■ The subscript SL stands 
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for Stochastic LOCC. Then, if this LOCC transformation Tsl is executable, there must 
be full-separable states or biseparable states in the set {\'ip^^^)}- 

Proof: In the same manner as Theorem 2, we prove the present theorem 
by mathematical induction with respect to A^, which is the number of times 
measurements are performed in the LOCC transformation Tsl- Let the notations 
{jAB,jAcjBcjABC,J5,Qe) and (jAB'iic'i2c'iSi?C' Q?) stand for the sets of 
the J-parameters of the EP-definite state and the EP-indefinite states l^p^^'^}, 
respectively. 

First, we prove the present theorem for N = 1. Because of the arbitrariness of 
the state \ip), we can assume that the first measurement {M(j)|i = 0, 1} of the LOCC 
transformation Tsl is performed on the qubit A without loss of generality. Thus, the 
operator M(j) makes Jab, Jac and Jabc evenly multiplied by a real number a^^\ The 
state \ip) is EP definite, and hence Jab, Jac and Jbc are all positive. Because the state 
|'?/'(*^) is EP indefinite, at least one of j^*^, j^^ and has to be zero for all i. When 
Ja^b Jac is zero, the multiplication factor a*^*-' must be zero, and therefore all of j^*^, 

and Ja^bc i^ust be zero. Then, the parameter Jg*-* also must be zero because of the 
expressions (lA.26p . (1A.27P and jA^BjAc^BC ~ ^- Thus, in the case of j^^ = or = 0, 



the EP-indefinite state | is a full-separable state with = or a biseparable state 
with 7^ 0. Hence, if there were neither a full-separable state nor a biseparable state 
in the set of EP-indefinite states {[V'*'*'')}! the expressions ^ 0, 7^ and = 
would hold for all i. Because of Lemma 2, however, at least one of and j^^^ would 
be greater than or equal to Jbc, which is positive. This is a contradiction, and thus the 
expression j^^]^ ^ has to hold for at least one of i. We have thereby shown the present 
theorem for = 1. 

Now, we prove Theorem 3 for A^ = + 1, assuming that Theorem 3 holds whenever 
1 < A^ < fc. Let us assume that the number of times of measurements in the LOCC 
transformation Tsl from the EP-definite state {i/j) to the EP-indefinite states 
is k -\- 1. Because of the assumption ioi 1 < N < k, the situation before the last 
measurement has to be either of the following two situations: 

(i) All states are already EP indefinite, and there are full-separable states or biseparable 
states among them. 

(ii) Some states are EP definite. 

In the case of (i), there are full-separable states or biseparable states in the final 
EP-indefinite states because an arbitrary full-separable state or an arbitrary 

biseparable state can be transformed only into full-separable states or biseparable states 
by a measurement. 

In the case of (ii), if there were neither a full-separable state nor a biseparable state in 
the EP-indefinite states {jV'*'*'')}) there would have to be a measurement which could 
transform an EP-definite state to EP-indefinite states which are neither full-separable 
states nor biseparable states. Because of the theorem for A^ = 1, this is impossible. 
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Therefore, there must be either full-separable states or biseparable states in the 
EP-indefinite states {jV'*'*'')} the case (ii) as well as in the case (i). This completes 
the proof of Theorem 3. □ 

The set of full-separable states and biseparable states which have the same kind of 
bipartite entanglement is a totally ordered set [H]. In other words, if an EP-definite 
state \ip) and an EP-indefinite state lip') belong to such a set, there is an executable 
deterministic LOCC transformation from the EP-definite state {ip) to the EP-indefinite 
state if and only if the bipartite entanglement of the state {ip) is greater than 
or equal to that of the state Hence, for a deterministic LOCC transformation 

from an EP-definite state to an EP-indefinite state if we can obtain the upper 
limit of the bipartite entanglement of the EP-indefinite state IV''), we can reproduce 
the transformation from the EP-definite state {ip) to the EP-indefinite state \ip') in the 
following two steps: 

StepTtB 1 We carry out a deterministic LOCC transformation from an EP-definite 
state \ip) to a biseparable state \ip") whose the bipartite entanglement is equal to 
the upper limit of that of \ip')- 

StepxtB 2 We carry out a deterministic LOCC transformation from the EP-definite 
state \ip") to the EP-indefinite state \ip')- 

The following Theorem 4 gives the upper limit of StepTtB 1- In fact, this theorem holds 
not only for LOCC transformations from an arbitrary EP-definite state, but for LOCC 
transformations from a general state. 

Theorem 4 Let the notation Tl stand for an arbitrary LOCC transformation from 
an arbitrary state \^) to arbitrary EP-indefinite states {\ip'^^^)}- refer to the 

sets of the J -parameters of the state \ip) and the EP-indefinite states l?/^'*^*^) as 
{jABjAcjBcjABC,J5,Qe) and {jTBd'M;d'BC\3ABC^J'i''^^Q'e'^)' respectively. We also 
assume that Q'^^ = j'^l = j'^Q = j'^sc ~ ^5*^*^ ~ /^^ '^''^V ^- Then, the inequality 
< a/ Jbc + i\BC holds, where the notation stands for the minimum of j'j^^. 

Proof: We prove the present theorem by mathematical induction with respect 
to A^, which is the number of times measurements are performed in the LOCC 
transformation Tl. For = 1, the EP-indefinite states {jV''^*^)} must be achieved 
by one measurement. Then, as was shown in the proof of Theorem 3, the multiplication 
factors of this measurement are equal to zero for any i. Thus, ( jA.511) with a^*) = gives 



that i'^fj < a/ + Jabc- 

Next, we prove Theorem 4 for = A; + 1, assuming that Theorem 4 holds whenever 
1 < N < k. Let the notion {j^/'^*^)} stand for results of the first measurement of 
the LOCC transformation T^. We refer to the set of the J-parameters of ^tp^''^'^ as 
{jA^B^jAc^jBc^jA^BC^jb^)- '^^^ statcs ^rc transformed to the EP-indefinite states 

{|'^'^''')} after k times of measurements. Because of the assumption ior 1 < N < k, the 

inequality j'^fj < y {Jbc)"^ + Oabc)^ holds for any i. Thus, for the failure of Theorem 4 
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in the case of iV = + 1, the inequahty ^(iMJpTci?^^ 



lABC) 



> vise + Jabc would hold 



for every i. Hence, the inequality Y}i=oP{i)\J {iBcY + {iABcY > V Jbc + Jabc ^o^ld 
hold. This contradicts Lemma 5. This means that (15.621) holds for all cases, which 
completes the proof of Theorem 4.0 

In the above, we have found that the upper limit of the bipartite entanglement 
between the qubits B and C is \/ j^c + Jabc- '^^^ realize this upper limit by 
substituting a = in Lemma 4. Therefore, we have proven that we can carry out the 
StepTtB 1 and Step-j-js 2. Note that each of these two steps are realized by one DMT. 
Hence, we have also proven that we can reproduce the deterministic transformation from 
an EP-definite state to an EP-indefinite state by performing only two DMTs. This 
corresponds to the second row of Table [H 

Next, let us see the relation between the result we have obtained and Main 
Theorem 1. Because the state {ip') is EP indefinite, we can leave out Condition 2 
of Theorem 2. The condition of Main Theorem 1 is the existence of real numbers 

Jav/{KAB - CajIbcKKac - CbjIbcWbc - CajIbc) < C < 1, < Ca < 1, < Cb < 1 
and < ^ 1 which satisfy that 

/ if'.R \ / CaCb 



K' 



AC 



BC 
J ABC 



\ 



c 



CaC 



c 



CbC 



c 



CaCbC 



c 



V 



/ Kab \ 

Kac 



CaCbCc J 



K 



BC 



Jabc 

V ^5 / 



(6.193) 



where {Kab, Kac, KbcJabc, J5) and (-ft'^s, -^ac? K'j^c^'abc^ 4) are the sets of the K- 
parameters of the EP-definite state and the EP-indefinite state \'4''), respectively. 
Hence all of Kab, Kac and Kbc are greater than i\Bc least one of -R'^b, -ft'^c 

and K'^fj is equal to Jabc- Therefore, at least one of the main parameters (a, Cb and 
(c must be zero, and thereby the EP-indefinite state \ip') must be a full-separable state 
or a biseparable state whose bipartite entanglement is less than or equal to the upper 
limit. These are equivalent to the result which we have obtained, and thus we have 
proven Main Theorem 1 in Case 53. 



6.3. Case € 

In this subsection, we prove Main Theorems in Case €. 



6.3.1. Transferless DMT In section 6.3.1, we show that if a state has no bipartite 
entanglement between the qubits B and C, an A-DMT can make all entanglement 
parameters of the state \ip) multiplied by a real number a which is from zero to one. 
This Theorem and the next Lemma are used instead of Step 1 of Case C 

Theorem 5 Let the notations and stand for three-qubit pure states. We refer 
to the sets of the J-parameters of the states \ip) and as (Jab, Jac, Jbc, Jabc, J5,Qe) 
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and (Jab^ Jac^ j'sc^ Jabc^ "^5' Q'e)' respectively. The state \ip) can he transformed into the 
state by an A-DMT, if Q'g = Qe = j'sc ~ 3bc = and if there is a real number 
< a < 1 which satisfies the equations j'j^^ = ajAs, j'ac — (^Jac o^nd Jabc — (^Jabc- 

Proof: Let us define a measurement {M(j)|i = 0,1} and its measurement 
parameters a, 6, k and 9 as in ([0211 and ([031) . Let the notation stand 



for the results of performing the measurement {M(j)|i = 0,1} on the qubit A. We 
refer to the set of the J-parameters of the state |?/''^*)) as (jAB'iAC'isC'iABC' "^5*^ Qe^)- 
Substituting the equation Jbc = in (1A.44I) . we find that if /c(i) = k = 0, then jj^^ = 0. 
Hence, in order to prove Theorem 5, it suffices to show that there is a measurement 
{M(j)|i = 0, 1} which satisfies the expressions k = and < a(o) = «(!) < 1, where a'-*-' 
is defined in ( 1A.45I) . Note that if Jbc = Jbc ~ fsc — 0; then J5 = Jg*^ = J5 = and 
Qe = ^ = Qe = hold, because if a state is EP indefinite J5 and Qe are zero. 

From the equation ( 1A.45I1 and = 0, it follows that the equation a(o) = a(i) is 
equivalent to the following equation: 

^ . (L_i^. (6.194, 

Hence, in order to show the present Theorem, it suffices to show that a(o) can take any 
value from zero to one under the condition of (16.1941) . 

The equation (16.1941) is equivalent to the following equation: 

(l-2p(o))a6= (l-a-%2^). (6.195) 

We can interpret this equation as a relation between a and b which can be expressed as 
a hyperbola and a straight line. To see this, we perform substitution of the equations 
k = and flA.341) in the probability j9(o) of (I6.195P and the following transformation: 

[1 - 2(1 - \l)b - 2\la]ab = (1 - a - 6)[(1 - \l)b + Aga]^ 

= -a6 + (1 - Xlfb^ + Xy + 2(1 - Xl)Xlab + (1 - Xl^ab^ - Xy + Xyb - (1 - A^)^^^^ 
= (6 - a)[-(l - a)aA^ + 6(1 - Xlf - b\l - Xlf]. (6.196) 

After the transformation of the expression in the last parentheses of ( ]6.196p . we obtain 
the following equation: 



= (6 - a) 



(6.197) 



-(1-A^)^(6--1 = (6.198) 



Then, the condition a(o) = «(!) is equivalent to that a = 6 or 

/ / 1_9\2 

i4 / „ ^ \ n \2\2 / I, ^ \ ^ ^^0 



In the former case, after substitution of the equations a = b and k = and flA.34p in 



fl6.194p . we find that the equation a = 6 is followed by a;(o) = = 1. In the latter 
case, let us examine (16.1981) in detail. Because < Aq < 1, we examine (16.1981) in the 
following five cases: Aq = 0, < Aq < 1/2, Aq = 1/2, 1/2 < Aq < 1 and Aq = 1. 
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Figure 13. The hyperbolas where the measurement parameters a and b satisfy 
a(o) = a(i) (a) for Ao = l/VS and (b) for Aq = V^/VS- 



First, if < Ao < 1/V2, ( I6.198P is equivalent to the following equation: 

(1 - A^)^ (b-lj -Xt(a-\y = 1^ > 0. (6.199) 

This is expressed as hyperbolas in Figure [T3l(a). Note that a(o) = 1 at (a, &) = (1,1) 
and a(o) = at {a,b) = (0,1). The multiplication factor a;(o) is continuous with 
respect to the measurement parameters a and b, unless b = —X^Q-^a/i^l — A^q-,). The 
line b = — A^g^a/(1 — A^g-j) does not cross the upper hyperbola. Thus, if we move {a,b) 
from (1,1) to (0,1) along the upper hyperbola, a(o) = «(!) takes any value from one to 
zero. Then, Theorem 5 holds for < Aq < 1/V2. 

Second, if l/\/2 < Aq < 1, fl6.198p is equivalent to the following equation: 

- (1 - A^)^ - 0' + ^0 (« - 0' = -'-^ > 0. (6.200) 

This is expressed as hyperbolas in Figure [TST b). In the same manner as in the case of 
< Ao < 1/^2, if we move (a, 6) from (1,1) to (1,0) along the right hyperbola, then 
q;(o) = «(!) takes any values from one to zero. Thus, Theorem 5 holds for l/\/2 < Aq < 1. 

Third, if Aq = 0, we have Jab = Jac = Jabc = J5 = 0. In addition. Theorem 5 
assumes the equation Jbc = 0. In this case, therefore, the state {ip) is full-separable. 
Thus, an arbitrary measurement is sufficient for our perpose, because any measurement 
on the qubit A leaves full-separable. Therefore Theorem 5 also holds in this case. 

Fourth, if Aq = 1/^2, iKT98^ is equivalent to the equation {b - Ijlf = (a - 1/2)^. 
This is equivalent to that (a = 6) V (a + 6 = 1). If a = 6, then a(o) = ct(i) = 1- If 
a + 6 = 1, then Ag = 1/2. The equations a + 6 = 1, A; = 0, Ag = 1/2, flB^TMl) and flAlMl) 
give that a(o) = o.{\) = 2a(l — a). Thus, in this case, the multiphcation factor q;(o) = a{i) 
can take any values from zero to one. Thus, Theorem 5 also holds in this case. 

Finally, if Aq = 1, then Ai = A2 = A3 = A4 = because J2k=o^k — 1- Thus the 
state is full-separable, and Theorem 5 holds in the same manner as in the case of 
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Ao = 0. 

Hence, Theorem 5 holds in all cases of Aq. □ 



6.3.2. Step 2 of Case C The next Theorem 6 gives a necessary and sufficient condition 
of the possibility of a C-LOCC transformation from an EP-indefinite state whose Jabc 
is not zero. In the proof of Theorem 6, we also prove that an arbitrary C-LOCC 
transformation can be reproduced by three DMTs. This corresponds to Step 2 of Case 

e. 

Theorem 6 Let the notations and stand for three-qubit pure states. We refer to 
the sets of the K-parameters of the states and as {Kab, Kac, Kbc, Jabc, J^iQe) 
and {K'^Q, K'^fj, K'^fj, j'^^fj, J^^,Q'q) , respectively. We assume that lip) is EP indefinite. 
We also assume that Jabc is not zero. Then, a necessary and sufficient condition of the 
possibility of a C-LOCC transformation from the state \tp) to the state is that the 
following two conditions are satisfied: 

Condition 1: There are real numbers 0<Ca<1;0<Cb<1;0<Cc'<1 o-nd 
Clower — C ^ 1 which satisfy the following equation: 



( K'^. \ 
K' 
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Jabc 
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c 



CaCbC 
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( Kab \ 
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Jabc 



CaCbCc I 



J, 



(6.201) 



where 



JabJacJec 



ower 



^5 202) 

{Kab - CcJabc) (^ac - CbJabc) (^bc - CaJabc) ' 

and we refer to (, (a, Cb CLnd C,c as the sub parameter and the main parameters of A, 
B and C , respectively. 

Condition 2: If the state | ■?/'') is EP definite, let us check whether the EP-indefinite 
state is (^-definite or not. In other words, we check the denominator of 



c = 



^jJap 



Kap{4:Jap 



Ji) 



^.j{KaB - CcJABc)iKAC - CBjABc)iKBC - CcJIbc) 



(6.203) 



vanishes or not. When the (-specifying parameter ( is definite, the condition is 

Qe = Q'e and C = C- (6.204) 
When the (^-specifying parameter C is indefinite, the condition is 

|g'e| = sMl-C)(C-C/o«;er)]; (6-205) 
in other words, 

r)' 



Q'e 



= (C = 1 or C = 
7^ {otherwise). 



ower' 



(6.206) 
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Comment: Note that Condition 2 means that if the ^-specifying parameter C, is 
definite and the state is EP definite, the C-LOCC transformation from the EP- 
indefinite state to EP-definite state is impossible. Because is indefinite, 
4^ap = Jl- Thus, if the ^-specifying parameter C, is definite, Aj > has to hold. Thus, 
C = C is equal to 

■2 '2 '2 

^ " {Kab - CcfABc)iKAC - CBfABc)iKBC ' CaJIbc) ' ^ ^ 

Because of (16.2071) . the equation (16.2011) is equivalent to 

> > -2 -2 -2 

■12 _ ^A^BJabJacJbC ((^ 9r,o\ 

~ {Kac - CbjIsc) (Kbc- CajIsc) ' ^ ^ ^ 

■/2 _ CACcjAB3Ac3BC (a onn^ 

{Kab - CcJABc)iKBc - CaJIbc) 

> > -2 -2 -2 

■/2 '^b<^c3ab3ac3bc ((\o^c\\ 

~ (Kab - CcfABc)iKAc - Cbj\bc) ' ^ ^ ^ 

Because of Kab - CcJabc > Jab^ ^ac - CbJIbc > Jac^ ^bc - CaJabc > Jbc and 
(I6.208p -( l6.210p . if jABjAcjBC = 0, at least one of Jab, J'ac and J'^q is zero. Thus, if 
is EP-indefinite and the ^-specifying parameter ( is definite, the state lip') has to be 
EP-indefinite. 

Proof: First, we show that if the state {ip') is EP indefinite. Condition 1 is a 
necessary and sufficient condition for the possibility of a C-LOCC transformation from 
the state to the state {ip'). In this case, we can neglect the entanglement charge Qe 
and the J-parameter J5, because both of the states lip) and {ip') are EP indefinite. The 
necessity of Condition 1 is clear because of Lemma 2 and ( IA.40l) -( lA.42p . Let us show 
the sufficiency. At first, we show the sufficiency in the case that at least one of the main 
parameters (a, Cb and (c is zero. We can assume that Cc = without loss of generality. 
In the present case, we can reproduce the change of entanglement parameters (16.2011) 
as follows: 

1. We operate a dissipationless C-DMT whose transfer parameter is zero. 

2. We operate an A-DMT whose transfer parameter is equal to K'^^/Kab- 

The first of the above is possible because of Lemma 4. The second of the above is 
possible because of Ref [H]. Next, we show the sufficiency of Condition 1 in the case 
that none of the main parameters (a, Cb and (c is zero. The state is EP indefinite, 
and thus at least one of K'j^^, K'j^(j and K'^(j is equal to Jabc- Thus, at least one of 
{Kbc, Ca), (Kac, Cb) and {Kab, Cc) is equal to {Jabc^ because of j^^c- < ^ab, 
Jabc < ^ac, Jabc < ^bc, < < 1, < Cb < 1 and < Cc < 1- We can assume 
that {Kab, Cc) = {Jabc^ ^) without loss of generality. Now we can reproduce the change 
of entanglement parameters (I6.20ip in the following three steps: 

1. We operate an A-DMT whose main and sub parameters are Ca and one, respectively. 

2. We operate a S-DMT whose main and sub parameters are Cb and one, respectively. 

3. We operate a C-DMT which makes all entanglement parameters multiplied by C- 
The first and second of the above are possible because of Lemma 4. The third of the 
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above is possible because of Theorem 5. 

Second, we prove the present theorem in the case where if the state \iiy) is EP 
definite. Because of Theorem 1, a DMT from an EP-indefinite state to an EP- 
definite state is possible only if the EP-indefinite state's ^-specifying parameter is 
indefinite. Because of Corollary 1, a DMT from a ^-definite state to a ^-indefinite 
state is impossible. Thus, a C-LOCC transformation from an EP-indefinite state to an 
EP-definite state is possible only if the EP-indefinite state's C is indefinite. Because 
(C < 1) =^ (Aiiorm > Aj) and (Clower < =^ jscSin</?5 > Jbc sin (/75, the equation 
\Q'q\ — sgn[(l — C)(C ~ Clower)] Thus, if the state l^'') is EP definite. 

Condition 2 is necessary. The necessity of Condition 1 is clear because of Lemma 
2. Lastly, we prove the sufficiency of Conditions 1 and 2. Let us assume that the 
states 1'^) and satisfy Conditions 1 and 2 and that the state is EP indefinite. 
We can assume that jab = without losing generality. Then, we can reproduce the 
transformation from the state lip) to the state as follows: 

1. We operate a dissipationless A-DMT whose transfer parameter is equal to ^/CA■ 

2. We then operate a dissipationless S-DMT whose transfer parameter is equal to -\/Cb- 

3. We finally operate a C-DMT whose main and sub parameters are equal to Cc and C, 
respectively. 

The first and second of the above are possible because of Lemma 5. The third of the 
above is possible because of Theorem 1. Thus, if Conditions 1 and 2 are satisfied, the 
C-LOCC transformation from the state \ip) to the state \ip') is possible. □ 

Note that we have also proven in the above that an arbitrary C-LOCC can be 
reproduced by three DMTs. 



6.3.3. Step 3 of Case € In section 6.3.3, we show that a necessary and sufficient 
condition of the possibility of a deterministic LOCC transformation from an EP- 
indefinite state is equivalent to that of a C-LOCC transformation from an EP-indefinite 
state. 



Theorem 7 Let the notations {ip) and lip') stand for three- qubit pure states. We refer to 
the sets of the K -parameters of the states \ip) and \ip') as {Kab, Kac, Kbc, Jabc, -hi Qe) 
and {K'y^Q, K'^Q, K'^Q, fj^QQ, J'^,Q'q), respectively. We assume that the state \ip) is EP 
indefinite. We also assume that Jabc 0- Then, a necessary and sufficient condition 
of the possibility of a deterministic LOCC transformation from the EP-indefinite state 
lip) to the state \ip') is that the following two conditions are satisfied: 
Condition 1: There are real numbers 0<C^< 1,0<Cb<1,0<Cc<1 and 
Clower — C ^ 1 which satisfy the following equation: 

( K',^ \ ( CaCb \ 

CaCc 

= C CbCc Kbc , (6.211) 
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where 

^ {Kab - Ccj\Bc)iKAC -CBfABc)iKBC ' Uj\bc) ' ^^'^^^^ 

and we refer to (, (a, Cb md Cc the sub parameter and the main parameter A, B 
and C , respectively. 

Condition 2: If the state is EP definite, let us check whether is (-definite 
or not. In other words, we check wether the denominator of 

^ ^ Kapi^Jap - Jj) + AjJgp 

KapiUap - Ji) + Aj{Kab - (cjIbcKKac - CbjIbcKKbc - CcjIbc) 
vanishes or not. When the (-specifying parameter ( is definite, the condition is 

Qe = Q'e and ( = (. (6.214) 
When the (-specifying parameter ( is indefinite, the condition is 

|Q'e| = s^n[(l-C)(C-Cw)]; (6-215) 
in other words, 

gj =0 (C = l orC = Cw)^ (6.216) 
I 7^ [otherwise) . 

Commentl: In the same manner as Theorem 6, Condition 2 means that if 
the C-specifying parameter ( is definite and the state {ip') is EP definite, the C- 
LOCC transformation from the EP-indefinite state {ip) to the EP-definite state 
is impossible. 

Comment2: In general, if the (^-specifying parameter ( is definite, at least one of 
4^ap > Ji and Aj > holds. In the present theorem, we have 4Jap = J| = 0, because 
1-0) is EP-indefinite. Thus, if the (^-specifying parameter ( is definite, Aj > has to 
hold. We use this fact for performing the proof of the present theorem. 

Proof: To prove the present theorem, it suffices to show the following statement 
S': "An arbitrary deterministic LOCC transformation can be reproduced by a C-LOCC 
transformation." We show this statement by mathematical induction with respect to N, 
which is the number of times measurements are performed in the deterministic LOCC 
transformation. If = 1, the statement S' clearly holds. We prove the statement 5" 
for iV = A; -|- 1, assuming that the statement S' holds whenever 1 < < fc. 

Let the notation Tl stand for a deterministic LOCC transformation with A^ = 
A; + 1. Let the notation {["V^'-*'')} stand for the results of the first measurement in 
the deterministic LOCC transformation Tl, which we refer to as the measurement 
{M(j)|i = 0,1}. We can assume that the operator M(j) acts on the qubit A without 
loss of generality because the EP-indefinite state {ip) is arbitrary except for its EP 
indefiniteness. Let the notation (i^^*^, i^"^*^, K"^^, j^^^, Jg*^) stand for the set of K- 
parameters of the state ^ip^^^y We define the measurement parameters a, b, k and 9 as 
(1A.32I) and ( 1A.33I) corresponding to the measurement M(j) . We also define multiplication 
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jO(0) 




Figure 14. The deterministic transformations from the states {jV''*'')} to the state 
IV'') which are reproduced by C-LOCC transformations. 



factors {a*^*^} as in ( 1A.45|) . Because of (IA.40p - dA.42p . the multiplication factor a'^*) 
satisfies that 
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J ABC 



(6.217) 

Jab Jac Jabc 

Because of the assumption for N = k, a. C-LOCC transformation T^^ can reproduce 
the transformation from the state j-?/''^*)) to the state \^')- The C-LOCC transformation 
T(f) consists of an A-DMT Tf, a 5-DMT and a C-DMT T^^? (Figured]). We refer 



to the sets of the main parameter and the sub parameter of DMTs T^*\ and T'^' as 
{C'a (Cb^C^*'*'') cind (Cc^ 5 respectively. In the same manner as in Theorem 

2, the following equation has to hold: 
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where, 



First, let us show that Jg 



(6.219) 

0. Because the state I?/') is EP indefinite, we have 
J5 = 0. If we can prove Jg = 0, the last row of (16.21 ip obviously holds and hence we 
can leave J5 and J5 out of the discussion. First, fl6.218p gives that 

4 = C^'ki\^k^^4^- (6.220) 



On the other hand, the equation flA.26P gives that 



4^ = 2jZjZ{X^^>X^>-X^;>X^:>cos^ 



(6.221) 



Because of the equations 
follows: 



a 



Jab and = a'^'^^jAc^ we can transform ( I6.22ip as 



J, 



(0 



2(««)Wac(A«A« 



X?XP cosy^W 



)• 



(6.222) 
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Then, f l6.222p and f l6.220p give the following equation: 

4 = r ■ 2jAB3Ac{>^f\f - Xfxf COS (6.223) 

where the product F = {ot''^''YC^^\^A C^b Cc* independent of i because F = Jabc/ Jabc- 
From ([07l) and (K223^ . we obtain that 
1 

= J^m-^s = r ■ 2jABjAc(A2A3 - AiA4Cos¥.) = FJ5. (6.224) 

1=0 

Hence J'^ = because J5 = 0. We thereby leave the J-parameters J5 and J5 out of the 
discussion hereafter. 

Second, we prove the statement S' in the case of j'^Bc = 0. In this case, the 



equation = jABc/jABC = (^'"^^ y C^'^Ka^ Cb^ Cjj holds. This equation means that at 
least one of a^^\ (^^\ and Cc"* is zero for each i. Thus, substituting a*^*) = 0, 

= 0, Ci'^ = 0, Cs = or Cc = in flOTSD . we find that if the deterministic 
LOCC transformation is executable, the state {ip') is a full-separable state or a 
biseparable state. Let us consider the case where the remaining entanglement of the 
state \ip') is Jab- This assumption means J'^q = j'^c = J'abc = ^^s = 0- Note that 
j'^B niciy be equal to zero. Then, Theorem 4 in the section 6.2 guarantees that if the 
deterministic LOCC transformation Tl is executable, the inequality j'^B — VKab must 
hold. We already know from Lemma 4 that if < ^/Kab, the deterministic LOCC 
transformation Tl can be reproduced by performing a C-dissipationless DMT and an 
A-dissipationless DMT whose transfer parameters are equal to zero and J'^b/ VKab, 
respectively. This means that the deterministic transformation is reproduced by a 
C-LOCC transformation, and thus we have proven the statement S' in the case where 
the remaining entanglement of the state is j^^. In the same manner, we can prove 
the statement S' in the case where the remaining entanglement is or J'bq. Therefore, 
we have proven the statement S' in the case of J'abc ~ ^■ 

Third, we prove the statement S' in the case of J'abc 0- least one of the 
J-parameters Jab, Jac and Jbc is zero because the state I?/') is EP indefinite. First, 
we prove the statement 5" in the case of J'abc 7^ A Jab = by showing that the 
transformation from the state to a state |'?/'''^*^), which is transformed from the 
state by the DMT Tf on the qubit A, can be reproduced by a DMT for at 

least one of i (Figure [T5ll. The sets of the J-parameters of {l-j/^^'^^jj^o,! are given by 

{3% = 0,«(°W,jS'i,«(°W,Qj^'^ = 0) and {jab = O^a^'^jAcJ^la^'^jABcQ^e^ = 
0), respectively, because the first measurement M(j) is operated on the qubit A. 
Let {JAB^JAc^j'Bc^jABC^Q'e^) stand for the set of the J-parameters of the state 
1?/'''^*^). Because the state l?/''^*^) is transformed from the state j?/^^*^) by the C-LOCC 
transformation the following equations hold: 

ij'Hr = {o^fij^Bf = {o.fc^'^ffAB = 0, (6.225) 
ijfir = {^^2?U%f = ("?««)^j1^, (6.226) 
ij^c? = ic^ffij^BC? = ic^o^^'fjlBC. (6.227) 
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Figure 15. The concept of the proof of Theorem 7 in the case oi Jab — O/^Jabc ^■ 
Either of Routes or 1 can be realized by a C-LOCC transformation. 



ij^iY = i&Y + - ic.fmfBcr = i&r + - (4^)1(«^^^)^j1bc, (6.228) 

Qp = 0, (6.229) 

where we used the fact Jab = 0, while a^A ^^^1 Pa^ are the transfer and dissipation 
parameters, respectively. Let us show that the changes of the entanglement parameters 
( I6.225p -f l6.228p can be reproduced by a C-LOCC transformation for at least one of i. 
We prepare to prove this statement through fl6.238p . The inequality 

jBCjABC = JBCa^'hABC < j%jABC (6.230) 

holds for at least one of z, because the expressions (1A.50I) and jbc < ^iPd^Bc gives that 
jBc^iP{i)a^'^jABC < jABcY.iP{i)j%- ^he other hand, the equations fl6.227p and 
( I6.228P and the inequalities < Oa — 1 — Pa^ — 1 Si'^^ following inequality: 

& ^ ^Ji&r+^'hi-ja'M-^^rABc _ 3% ,^ , 



The inequalities ( I6.230p and f l6.23ip yield the following inequalities for at least one of i: 

■(*) ■'(«) 

3bc , Jbc ^ 3bc ((^ r,oo\ 



JABC ai^jABC 

We show the right-hand side to be independent of i as follows. We can reproduce the 
transformation from the state to the state by performing DMTs T^*^ and T^'' 

successively, and thus the following equation holds: 

%^ = % = c^-^- (6-233) 

Jabc 3bc 
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From this equation, we find that j'sc/ Jabc ~ fscl J'abc independent of i. Thus, 

Jbc ^ Jb^ 234) 



holds for both i. On the other hand, the inequality (j^^)^ + {j^ABcf — Jabc ^jIbc holds 
for at least one of i, which has been shown in the proof of Theorem 4. We can assume 
that the inequality 

{jfcf + {jfBcf < Abc + jIc (6.235) 

holds without loss of generality. The transformation T^^ is an A-dissipative C-LOCC 
transformation, and hence 



[c^^'^rfABC + ic^^'^C^fjABC? 



Ufc? + {^'''^'hABC? = U%f + /3? 

< i&r + UfBcf (6-236) 
holds for every i. Because of fl6.235p and fl6.236p . 

iflSr + {a^'^afuBcf < 3\bc + jIc- (6.237) 
The expressions fl6.227p . fl6.234p and fl6.237p give the following inequality: 

(c^^'^cfrijlc + jIbc) < Uf^f + {0.^'^o.fuBC? < jIbc + jIc- (6.238) 

Now, we have completed the preparation for reproducing fl6.225p - fl6.228p . 

Let us show that the transformation from the state \^) to the state [■i/''^'')) is 
reproduced by performing the following two steps: 

1. we multiply all entanglement parameters by a real number a; 

2. we perform a dissipationless A-DMT whose transfer parameter is a', 
where the transfer parameters a and a' are defined as follows: 

~2 ^ UbcJ + Uabc) ^ (g_239) 
Jbc + J ABC 

a"= ^''^'^^P' = . (6.240) 

Theorem 5 and Lemma 4 guarantee that these two steps are possible if the inequalities 
< a < 1 and < a' < 1 hold. Indeed, the inequalities fl6.238p and f l6.239p guarantee 
the inequalities < {a^^^Oj^Y < «^ < L The equation fl6.240p and the inequalities 
(a'-^^a^'')^ < < 1 also guarantee the inequalities < a' < L Therefore, the two steps 
indeed reproduce the transformation from the state to the state |-?/;'*^°^) because of 
([6225D-t[E227D, fl6:239|) . flOlQ]) and the following equations: 

/ -'(0) \ ^ 

yjABC J 

( -'(0) \ 2 

o?3lc + «^(1 - ^')3\bc = ^\fBC + fABc) - jl,a = U'lSf- (6.242) 

\ J ABC I 
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We have proven that the two steps reproduce the change of the entanglement parameters 
as well. To summarize the above, we reproduce Route of Figure [15] by the two steps. 
We have thereby proven the statement S' in the case of Jab = 0. In the same manner, 
we can prove the statement 5" in the case of Jac = 0. 

The rest is the case of jsc = ^/^Jabc 0- this case, we can assume that Jab 
and Jac 0; otherwise we can use the proofs above. The proof of the statement S' in 
this case is provided for the following two cases: 

Case 1 k^O; 
Case 2 k = 0. 



In the Case 1, the equations flA.44|) . Jabc Jbc = give that the expression 



Jbc 7^ ^ holds for all i. Thus, the following equation holds: 



K' 



ab 

AC 



BC 
•J ABC 



' SA SB 



^A(i)^i?(i)^C(i) 



a(«)a('0 



SB SC 



SA Sb Sc 



SA SB SC 



J 



'Kab 



^AC 



K% (6.243) 



[a 



v 



J. 



'^Jabc 



where (Ci^ C^^) 
of the DMTs tJ^ 



(C«, C^«) and (C«, C^«^ 



B 

Here, the product 
because Jabc/ Jabc 
uct 



and respectively. 



are the sets of main and sub parameters 



(a 



must be independent of 



(a 



'Ci'^B Cc C^^'^C^^'^C^^'^- Similarly, the prod- 
a^-'rCACcC^^'k^^'^C^^"^ must be independent of 



TC. 



because -ft^^c / ^ac 



A C^'^C^(^)C^«C^^'^- Hence, the main parameter (j^ must be independent of i. In 
the same manner, we can show that the main parameter (^^ must be also independent 
of i. Note that the DMT is a DMT between EP-definite states and that the step 



2-1 of Lemma 6, (IA.52P and (IA.54P guarantees that the final state of a DMT between 
EP-definite states is (^-definite. Thus, the (^-specifying parameter ( of the final states of 
T^^ are definite. Thus, the sub parameter C^^^^") is equal to the (^-specifying C, of the final 
states of T^*'*. Hence, the sub parameter C*"^*'* is a monotonously increasing function 
of the main parameter because the (^-specifying parameter of the final states of 



the DMT To*'' is a monotonously increasing function of the main parameter (^l' . Thus, 



(i) 



C'^'^^^Cc i^ ^ monotonously increasing function of the main parameter (^^ . This means 
that if the main parameter is specified, C'^^'^Kc^ is also determined uniequly. Thus, 



^c{i)^w independent of i because the main parameter is independent of i. Hence, 
the entanglement parameters of the initial state of the DMT T^*^ is independent of i, 
because C'^'^^^Cc'' ^iid lip") are independent of i. In the same manner, the entangle- 
ment parameters of the initial state of the DMT T^^ is independent of i. Let us refer 
to the initial state of T^^ as {ip") (Figure [T6|) . 

Therefore, we only have to prove the following statement 5*2: "A deterministic 
LOCC transformation which consists of the measurement M(j) and the DMT T^*^ can 
be reproduced by an A-DMT whose DM is a two-choice measurement." The reason 
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Route S2 




in)"'). 



T<'> 



Figure 16. The concept of the statement 5*2. The Route S2 is realized by an ^-DMT 
whose DM is a two-choice measurement. 



why we have to prove the statement 5*2 is that a C-LOCC transformation consists of 
DMTs whose DMs are two-choice measurements. We prove the statement S2 by showing 
that an A-DMT whose DM is a two-choice measurement can reahze the change of the 
entanglement parameters which is caused by performing the measurement M(j) and the 
DMT t'^ successively. Let the notation stand for the state which is transformed 
from the state |^/'*^*^) by the DMT we just proved that must be independent 
of i (Figure [T6l) . We denote the set of entanglement parameters of the state in 
Figure [IS by (j^b, Jac JbcJabc J'b^Q'e)- We prove the statement 5*2 by showing that 
{jABjAcjBcjABC,J5,Qe) and {iABdAcdBcdABC^J'i^Q'e) satisfy Conditions 1 and 
2 of Theorem 1. 

Let us prove that the sets of J-parameters {jAB,jAc,jBC,jABC,J5,Qe) and 
Wab^ Jac^ j'sc^ Jabc^ ' Q'e) satisfy Condition 1 of Theorem 1 by examining the change 
of the J-parameters jab^ Jac, Jbc, Jabc and J5. First, we examine the change of the 
J-parameters Jab, Jac and Jabc- From ( lA.40[) - fA.42l) . we have the following three 
equations: 

jfB = (6.244) 
Jac = («?«^^^)'j1c, (6-245) 
j'abc = («?«^^^)'j1bc, (6.246) 

where a^^ is the transfer parameter of the DMT 

Second, we examine the change of the parameter J5. We have already shown that 
4 = 0. Thus, the equation J^' = holds, because of = J^ = Cs Cc C^^^'^C^^^^^'- 
Because the state {ip) is EP-indefinite, the equation J5 = holds. Hence, 

4' = (a«a«)V5. (6.247) 

Third, we examine the change of the parameter jsc and prove that the sets of the 
J-parameters (Jab Jac Jbc Jabc, J5) and [j ab Jac Jbc Jabc ^ J'i) satisfy Condition 1 
of Theorem 1. Because of Lemma 5, at least one of k'^b)j ^"^^ ^bc ^^^^ than or equal 
to Kbc- Because both of T^^ are A-DMTs, the inequalities K'^(j < K^^c hold. Thus, 
we obtain K'^q < Kbc- Because of Lemma 2, at least one of is more than or equal 
to Jbc- Because both of T^^ are A-DMTs, the inequalities < Jbc hold. Thus, we 
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obtain Jbc < j'sc- Because of K'^^j < Kbc and Jbc < Jbc^ '^^^ ^ parameter 
< /3a ^ 1 which satisfies 

Jbc = jIc + Pa{1 - (6.248) 
Note that fl6.244l) - fl6.248l) mean that the sets of the J-parameters {Jab, Jac, Jbc, Jabc, J5) 
and UAB^iAc^jBc^iABC^Jb) satisfy Condition 1 of Theorem 1. 

Next, let us prove that the sets of the J-parameters {jAB,jAc,jBC,jABC,J5,Qe) 
and Wab^ Jac^ fsc^ Jabc^ -^s ' Qe) satisfy Condition 2 of Theorem 1. First, we prove this 
in the case where the (^-specifying parameter ( is indefinite by examining the change of 
the entanglement charge Qq. In other words, we prove that the entanglement charge Qq 
is zero if and only if (3a is zero or one. Because of (1A.19I) and (1A.30I) . the entanglement 
charge Qq is zero if and only if at least one of A j and sin (/^^ is zero. First we prove that 
sin > if and only if /3a > 0. Because of J5 = 0, fICTD and flOiSD . we obtain 

j^cCos^'5' = — ^= 0. (6.249) 

'^JABJAC 

From dnjUD, flCTQl) and Jbc = 0, we obtain 

sin^ ^'l = fiic - Jbc cos^ = ' ic^^'^c^ff)jlBC- (6-250) 

Thus, Jbc sin ip'^ > if and only if (3a > 0. Because the state \ip") is EP definite, Jbc > 
holds, and thus sin ip'^ > if and only if /3a > 0. Next we prove that A 'j > if and only 
if 1 > /3. From we obtain 

A" 

^norm = , "^^.o = ^5 " ^Kab^ac^bc 
(aWaX ) 

= Kl - ^KABKAc{fBC + /3a(1 - (««««)^)j1^^ + (a«aSVjlBc) 
= Aj + ^KabKacj\bc{^ - /3a)(1 - (^^^^aS^)') 

= ^KabKacj\bc{^ - /3a)(1 - («^^^a«)'). (6.251) 

Thus, Aj > if and only if 1 > /3. Hence, the entanglement charge Qe is zero if and 
only if the dissipation parameter (5 a is zero or one. Thus, the entanglement charge Q'^ 
and the dissipation parameter (3a satisfy Condition 2 of Theorem 1. 

Now, we have proven that if the (^-specifying parameter (^ is indefinite, the sets of 

the J-parameters (jab, Jac, jsc, Jasc, ^5, Qe) and {jAB^j'Ac^j'BC^jABC^J'i^Qe) satisfy 
Conditions 1 and 2 of Theorem 1. Thus, we can reproduce the transformation from 
the state \'i()) to the state \i()") by an A-DMT whose transfer parameter and dissipative 
parameter are a'^'^^a^)^ and (3a, respectively. Hence, we have completed the proof of the 
statement 5*2 in the case that the ^-specifying parameter C, is indefinite. 

Next, we show the statement 5*2 in the case that the (^-specifying parameter is 
definite. In this case, no A-DMT transforms the EP-indefinite state \'i()) into the EP- 
definite state \i('')- Thus, we only have to show that if the (^-specifying parameter is 
definite, the deterministic LOCC transformation which consists of the measurement 
M(j) and the DMT Tf^ from the EP-indefinite state \i()) to the EP-definite state 
1^") is impossible. In order to prove this, we show that if the deterministic LOCC 
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transformation is executable, the parameter (^^\ which is the (^-specifying parameter of 
l?/'^*-*), is definite. 

We prove that the (^-specifying parameter (^^^ is definite by reduction to absurdity. 
Let us assume that the (^-specifying parameter (^^^ were indefinite. If C^'^^ were 
indefinite, both of siny^g^ and Aj^ would be zero. Because of (16.2491) and because 
the transformation ^ is a DMT, the equation cos (p^^^ = j'^^ cos (p'^ = would 
hold. Because of sin (fl^^ = and j^^ cos -* = 0, the equation = would hold. 
This contradicts the fact that the state |-?/'*^*^) is EP-definite. Note that the state l?/;*^*)^ 
is EP-definite because of the assumption k ^ 0. Hence, the (^-specifying parameter 
is definite. 

Next, we will derive the equations 
A" 



^norm 



A^orm + ^KabKacJbc sin' ^'i 



^™ (6.252) 



and 



Aiiorm + ^KabKac{3%? sin^ 



0. (6.253) 



^norm 

for Qq 7^ 0. We will use them to prove that if the (^-specifying parameter ( is definite, the 
deterministic LOCC transformation from the state {tp) to the state {ip") is impossible. 
Now we assume that Q'^ ^ until the end of derivation of fl6.253p . Let us derive (16.2521) 



and (16.2531) . Because the ^-specifying parameter (^^^ is definite, the parameter (3 



(i) 
A ) 



which is the /3-specifying parameter of IV^*-*-*), is definite. Because the DMT is an 
v4-DMT, we obtain 

A" 



A'} + AK';^K';^f^l sin^ 
A« + 4K%K^l{j%^W - (««)^) + ^K%K%{/^^)^ sin^ ^« 

A« + AK%K%ij^i^ni - (a«)2) + AK%K%i/S^r sm^ ^« 
^ I - (3^2\ (6.254) 



Now, we define 



Anorm = , = ^5 - ^KabKacKc, (6-255) 

A^rm = pyyi = ^5 - ^KabKacKH (6.256) 
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The equation fl6.254p can be transformed to (16.2521) with 

A" 

^norm 



^norm + ^KabKacJec sin ^'l 



A. 



(i) 

norm _ i Mi) 



ASJ)rm + ^KABKAc{3%f sin' cp^^^ 



norm 



isc sin^ V^5 A'norm 



(6.257) 



(6.258) 



Because a DMT between (^-definite states conserves the entanglement charge, the 
expression Qq^ = Qq^ = Qq ^ holds. Because we have assumed sin ^(0) > 0, the 
equation Qq^ = Qq^ = Qg 7^ is equivalent to the following equations: 



(A|,°¥ = ^il^|^J=(„(0))^ = £(„(0))■^^^_ti^^, (6.259) 



^ + = l::|,„a.)2^i±^^, (6.260) 



where s and t are determined as follows: if sinyj*^^^ > 0, s is +1; if sin*/?'^^) < 0, s is — 1; 
if Qe = 1, t is +1; if Qe = —1, t is —1; if Qq = 0, t can be either +1 or —1. Because of 
f l6:259|) . (I626QD and K%/Kbc = (^| - ASorm)/(^l - Aj), we obtain the expression 
of the probability p in terms of Aj and A^qj,^^: 



Q'^tVA]-sJA['^ 



P = I = ; (6.261) 

Y ^norm ^ y ^norm 
Because of ( 1A.49I) and jbc = 0, we have 

pjfc^^^vf + s{l-p)j^^lsm^^i'' = 0. (6.262) 
From fl6.262p . we obtain 

■(1) • (1) 
~^Jbc Slav's 

P=~(or~. (0) lTr~- (ij- (6.263) 

Jbc sm <^5 - sJbc sm <^5 

From ( 16:2581) . (EM]), (E263]) and jbc = 0, we arrive at (E253]) 

Next, let us prove that if the ^-specifying parameter ( is definite, the deterministic 
LOCC transformation from the state to the state is impossible by reduction 
to absurdity. Let us assume that the (^-specifying parameter ( were definite and that 
the deterministic LOCC transformation from lip) to {ip") were executable. Because 

is EP-indefinite, siny^ is zero. Because ( is definite, at least one of sincp and Aj 
would not be zero. Thus, Aj > would hold, but the equation (16.2531) contradicts 
Qe 7^ s-nd Aj > 0. Thus, if the equations (I6.253P and Qq ^ hold, the deterministic 
LOCC transformation from to {ip") is impossible. We have already proven that if 
the entanglement charge Qq is not zero, then (16.253^ holds. Thus, we only have to 
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prove Qq ^ 0. Because A^q^-j-q > Aj holds for at least one of i and because of ( ]A.54[) 
and A J > 0, the inequality Aj > holds. Because {ip") is EP definite, the inequality 
fsc > holds. Because of fl6.249p and Jbc = 0, the inequality j^,^. sin ip'^ > holds, and 
thus sinyjg > 0. Because of simp'^ > and ( 1A.30I) . the inequality simp" > also holds. 
Thus, simp" > and A" > hold, and thus Qq ^ holds. Thus, if the ^-specifying 
parameter ( is definite, the deterministic LOCC transformation which consists of the 
measurement M(j) and the DMT T^*^ from the state to the state \ip") is impossible. 
Now, we complete the proof of the statement 5*2. Thus, we complete the proof of the 
present theorem in the Case 1. 

In the Case 2, = 0, the first measurement M(j) only makes all entanglement 
parameters multiplied by a«(= Va6/p(o) or = ^^(1 - - 6)/(l - P{o))). Note that 
Jbc = holds now. We can assume that a^^^ is less than a^^^ without loss of generality. 
Then, (IA.50I1 is followed by the inequalities < a^^^ < 1. Theorem 5 in the section 
6.3.1 tells us that we can take a DMT T^(o) which makes all entanglement parameters 
multiplied by a^^\ The DMT T^joj realizes the transformation from the state \ip) to the 
state 1?/;*^°^). The assumption for N = k guarantees that a C-LOCC transformation can 
realize a transformation from the state |-?/'*^'')) to the state Hence, the statement S' 
also holds in the Case 2.0 

Note that Main Theorem 2 also has been proven, because of the statement S" and 
because an arbitrary C-LOCC transformation can be reproduced by three DMTs. 

64. Case D 

Lastly, we carry out Steps 1-3 for the Case 2), where Jabc = for the initial state. We 
present Steps 1-3 here again. 

Step 1 We give a necessary and sufficient condition of the possibility of a two-choice 
DMT which transforms an arbitrary state to another arbitrary state {ip')- 

Step 2 We give a necessary and sufficient condition of the possibility of a C-LOCC 
transformation from an arbitrary state {ip) to another arbitrary state We also 
prove that an arbitrary C-LOCC transformation can be reproduced by performing 
an A-DMT, a S-DMT and a C-DMT, successively. 

Step 3 We show that an executable deterministic LOCC transformation from an 
arbitrary state \ip) to an arbitrary state \ip') can be reproduced by a C-LOCC 
transformation. Conversely, a C-LOCC transformation can be reproduced by a 
deterministic LOCC transformation, because a C-LOCC transformation is also a 
deterministic LOCC transformation. Then, we find that the condition given in Step 
2 is also a necessary and sufficient condition of the possibility of a deterministic 
LOCC transformation and that an arbitrary deterministic LOCC transformation 
can be reproduced by performing an A-DMT, a S-DMT and a C-DMT, successively. 

We carry out these Step 1-3 in the following Theorem 8. 
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Theorem 8 Let the notations \ip) and stand for three- qubit pure states. We refer to 
the sets of the K-parameters of the states \ip) and \ip') as {Kab, Kac, Kbc, Jabc, J^i Qe) 
and {K'j^^, K'j^^, K'^^, j'^Q^, J^,Q'q) , respectively. We assume that Jabc = 0. Then, 
a necessary and sufficient condition of the possibility of a deterministic LOCC 
transformation from the state {tp) to the state {tp') is that the following two conditions 
are satisfied: 

Condition 1: There are real numbers 0<Ca<1;0<Cb<1,0<C(7<1 and 
dower — C ^ 1 which satisfy the following equation: 



(6.264) 
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where 



Clc 



J, 



ap 



(6.265) 



'"^^^ {Kab - Cc3\bc){Kac - CbjIbc) (Kbc - CajIbc) ' 
and we refer to C, Ca, Cb o-nd Qc o,s the sub parameter, the main parameter of A, B and 
C , respectively. 

Condition 2: If the state is EP definite, let us check whether the state is 
C-definite or not. In other words, we check whether the denominator of the C-specifying 
parameter 



c 



Kapi^Jap - Jl) + AjJ< 



ap 



(6.266) 



KapiUap - Jl) + /^j{Kab - CcJABc)iKAc - CBjlBc)iKBC - CcJabc) 
vanishes or not. When the C-specifying parameter C is indefinite, the condition is 

\Q'^\ = sgn[il-C){C-Clower)]-^ (6-267) 
in other words. 



= (C = 1 or C = C/ 
^ 7^ {otherwise) . 



ower'i 



(6.268) 



Proof: First, we simplify (16.2641) . Let us show that we can leave Jabc^ J5 and 
Qe out of the discussion hereafter. First, J'abc — follows from Jabc = 0, because 
an arbitrary measurement makes the J-parameter Jabc only multiplied by a constant. 
Next, because of flA.2l) - flA.6P and the equation Jabc = 0, the equation J5 = ^JabJacJbc 
holds. Thus, in order to examine the change of the J-parameter J5, it suffices to examine 
the change of the J-parameters Jab, Jac and Jbc- Because of Jabc = 4^ Xq = 
V A4 = and because if there is a zero in {\k\k = 0,...,4} then simp = 0, the 
entanglement charge Qe is equal to zero. In the same manner, the entanglement charge 
Q'q is also zero because of J'abc — 0- Thus, Qe = Q'e = ^ holds. This equation satisfies 
Condition 2 of Theorem 8: if the (^-specifying parameter C is definite, it is clear; even 
if the C-specifying parameter C is indefinite, QL = satisfies Condition 2 because of 
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\Q'q\ = sgn[(l - C)(C - Clower)] ((^lower < C < 1) A {Jabc = 0)) ^ C = 1- Hence, in 
order to prove the present theorem, it suffices to show that the necessary and sufficient 
condition is that there are real numbers a a, O-b and ac which are from zero to one and 
which satisfy the following equation: 



i 'If ^ 




3 AC 




\ Jbc J 


\ 



1 1 
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( Jab ^ 




Jac 




{ J%c J 



(6.269) 



J5, and that Jabc = 



Note that (16.2691) and J5 = 2jABjAcjBC give J5 

(Kab = 3\b) a {Kac = Ac) A (Kbc = jIc)- 

Third, we perform Step 1 of Case 25. In other words, we show that a necessary and 
sufficient condition of the possibility of a two-choice A-DMT from the state \ip) to the 
state is that there is a real number a a which is from zero to one and which satisfies 
the following equation: 



(6.270) 



Substitution of the equations a = aA and jabc = j'abc = in Lemma 4 gives that 
fl6.270p is clearly a sufficient condition. Substitution of Jabc = in flA.Sip gives that 
Jbc < j'bc — Jbc] "we thereby have Jbc = Jbc f*^^ arbitrary A-DM. An A-DM makes 
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aA- 



the J-parameters jab and jac multiplied by the transfer parameter a 
Hence, (16.2701) is also a necessary condition. We thereby obtained a necessary and 
sufficient condition of the possibility of an arbitrary two-choice DMT. 

Fourth, we perform Step 2 of Case S). In other words, we prove that a necessary 
and sufficient condition of the possibility of a C-LOCC from the state \ip) to the state 
\ip') is that there are real numbers a a-, O-b and ac which are from zero to one and 
which satisfy (I6.269p . We easily see that a transformation in the form of (I6.269P can 
be reproduced by performing an A-dissipationless DMT, a i?-dissipationless DMT and 
C-dissipationless DMT whose transfer parameters are a^, as and ac, respectively. 
Thus, the existence of the real numbers aA-, O-b and ac which are from zero to one 
and which satisfy (16.2690 is a sufficient condition of the possibility of a C-LOCC from 
the state to the state In order to prove the necessity, we show that we can 

take the transfer parameters a^, as and ac for an arbitrary C-LOCC transformation. 
An arbitrary C-LOCC transformation Tcl consists of A-DMTs {T41, ...,TAk}i -B-DMTs 
{Tbi, ...,TBm} and C-DMTs {Tci, ...,Tc„}. We refer to the transfer parameters of the 
DMTs as {aAi, ■■■^OiAk}) «Bm} and {aci; c^Cn}; respectively. Then, the C- 

LOCC transformation can be reproduced by performing an A-dissipationless DMT, a 
i?-dissipationless DMT and a C-dissipationless DMT, whose transfer parameters are 
riiLi cnAi, Y\T=i ^Bi and Y\d=i ^Ci, respectively; note that we do not need to consider the 
dissipation parameters because Jabc = 0. We have thereby proven that the existence of 
the real numbers a a, otB and ac which are from zero to one and which satisfy (16.2691) is 
a necessary and sufficient condition for a C-LOCC transformation in the case jabc = 0. 
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Fifth, we define the notations used to carry out Step 3. We refer to the first 
measurement of the deterministic LOCC transformation as {M(j)|i = 0,1}. Let the 
notation {[V'^*^)} stand for the resuhs of the measurement {M(j)|i = 0,1}. Let 
the notation (j^B'iAC'iBC'iyiBC' '^5*'') stand for the set of the J-parameters of the 
state ^ip^^^y We define the measurement parameters a(j), ^(j) ,9(i) and a^^^ for 
{M(i)\i = 0, 1} as (1X321) and (EMI), and (1X451) . respectively. 

Finally, we perform Step 3 of Case D. In other words, we show the following 
statement 5"': "An arbitrary deterministic LOCC transformation can be reproduced by 
a C-LOCC transformation for Jabc = 0." By carrying out Step 3, we show that the 
condition which we have obtained in Step 2 is also a necessary and sufficient condition 
for a deterministic LOCC transformation. 

We prove the statement S" in the following three cases separately: 

Case 8-1 At least one of the J-parameters Jab, Jbc and Jac is zero. 

Case 8-2 None of the J-parameters Jab, Jbc and Jac is zero, and at least one of the 

J-parameters j^^, j'^^ and j'j^fj is zero. 
Case 8-3 All of the J-parameters Jab, Jbc, Jac, J'ab^ Jbc and j'j^Q are nonzero. 

Note that we already have Jabc = Jabc i^ the present Case D. 

In Case 8-1, we can assume that Jab = without loss of generality. First, we prove 
that we can leave out Jab and j^^ in addition to Jabc and Jabc- order to prove this, 
it suffices to show that if Jab = 0, the bipartite entanglements between the qubits A and 
B are always zero after an LOCC transformation. An LOCC transformation is a set of 
measurements. Thus it suffices to prove the following: "A measurement transforms an 
arbitrary state whose Jab and Jabc are zero, only into a state whose Jab and Jabc are 
also zero." Then we have = Jabc ~ after all measurements. We already proved 
above that Jabc vanishes after a measurement. Let us show the above statement. 

Let the notation {M^'^-j} stand for an arbitrary measurement. We take a state 
l"^") as an arbitrary three-qubit pure state and take states {j'?/'"^*'*)} as the results 
of the measurement {M^'.^}, which is performed on the qubit A of the state 

The notations {j ab^ Jac ^ Jbc ^ Jabc ^ and [jTb Jac ^ fsc ^ Jabc ^ J'b'''^) stand for the 
sets of J-parameters of the states \tp") and [t/'"*^*^), respectively, where we assume 
Jabc ~ Jabc ~ 0- -^^^ ^ach measurement {M^^}, we define the measurement parameters 



a 



(i)' ^W' Ki) '^W (1X321) and (1X33|) . and (1X451) . respectively. Then, 

the equations (IA.40p - (IA.44p give the equations a'^^^j'Ac = Jac ^ ^'''^^Jab = Jab and 
Jbc = jBC^[t)/p'{iy Hence, if j^^, j'^c or Jbc vanishes, then j'^'^ or must also 
vanish, respectively. 

Thus if Jab = 0, then and j^^ also vanish, because the states l?/'^*)) and are 
the results of LOCC transformations from the state I?/'), respectively. Thus, hereafter 
we leave jab out of the discussion in the Case 8-1, in addition to Jabc- 

Next, we show the statement S" . We present the statement S" here again: 
"An arbitrary deterministic LOCC transformation can be reproduced by a C-LOCC 
transformation for jabc = 0." We prove the statement S" in the following two cases: 
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Case 8-1-1 The measurement {M(j)|i = 0, 1} is performed on the qubit A. We apply 
the proof for Case 8-1-1 not only to the case where the measurement on the qubit A, 
but also the case where the measurement on the qubit B, because of the symmetry 
between the qubits A and B. 

Case 8-1-2 The measurement {M(j)|z = 0, 1} is performed on the qubit C. 

In the Case 8-1-1, we show the statement S" by mathematical induction with respect to 
A^, which is the number of times measurements are performed in the deterministic LOCC 
transformation. If = 1, the statement S" clearly holds. We prove the statement S" 
for = k -\- 1, assuming that S" holds whenever 1 < N < k. This is carried out 
by constructing for the deterministic LOCC transformation from the state to the 
state lip') with N = k + 1, a. C-LOCC transformation consisting of an A-dissipationless 
DMT Tf^, a 5-dissipationless DMT T^^ and a C-dissipationless DMT T§^. We refer 
to the transfer parameters of the three DMTs T^^, T^^ and T^^ as ua-, Q^b and 
ac, respectively. Note that the transformation from the state \ip) to the state is 
reproduced by performing the DMTs T^*^, T^^ and successively, if the following 
expressions hold: 

< OA = — < 1, < as = ^ < 1, ac = 1, (6.271) 

3ac Jbc 

where in f l6.27ip . the transfer parameters a a and as are defined to be one if their 
denominator and numerator are both zero. 

Let us prove (16.2711) . Because of the assumption of N = k, the transformation 
from the state l?/)*^*^) to the state \-ip') can be reproduced by a C-LOCC transformation 
consisting of an A-dissipationless DMT a -B-dissipationless DMT T^*^ and a C- 
dissipationless DMT T^^ . We refer to the transfer parameters of the three DMTs 
t'^ and T^^ as q;^\ a^"* and respectively. Then, Step 2 above guarantees that we 
can express the change from {j^Acii^Bc) ifAc^fBc) follows: 

[&)-[ ia<Sa'Sf)[ U^' )• ' * 

where we left out and Jab, because we have already shown the equation j^*^ = 
Jab = 0) using j% = a^^jAc- 

The equation j^^ = a"^ a§ a'^'''' j ac in ( 16.272^ shows that the product a")^ a§ a'^'''^ is 
independent of i. The equation (1A.50I) gives that at least one of a*^*^ is less than or equal 
to one. The other transfer parameters, a^^ and a^^ are also less than or equal to one 
because the transfer parameter of a dissipationless DMT is less than or equal to one. 
Therefore, we have j^^- = a? «^*^i^c < Jac- 

From (I6.272p . we also see that the product ol^a^'c j'bc independent of i. Lemma 
2 and the equation Jabc = give that the equation ^^=o^'(*)^-BC ~ Jbc holds. Thus at 
least one of jj^^ and j^^^l is less than or equal to jbc- Thus j'^c = (^^a^^c j'bc — 3bc 
holds for both i because the transfer parameters Oj^ and a^lj are also less than or equal 
to one. Therefore, we have proven (I6.27ip . Thus, there is a C-LOCC transformation 
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that replaces an arbitrary deterministic transformation with N = k + 1, and hence we 
have proven the statement S" in the Case 8-1-1. 

In the Case 8-1-2, the first measurement {M(j)|i = 0, 1} is performed on the qubit 
C. Then, the following equation holds instead of f lA.44p : 

P(^)JAB = IhjABce'^'^'^-'^'^ + 3ABbi.)\. (6.273) 

Substituting Jab = Jabc = in f l6.273p . we obtain that j^^ = 0. Hence, in this case, 
we can prove the statement S" in the same manner as in the Case 8-1-2. 

We have thereby proven the statement S" in the Case 8-1. Note that if the state {i/)) 
is a double-bipartite state, we have also shown that we can reproduce the transformation 
from the state {ip) to the state {ip') by performing two DMTs; We can assume Jab = 
without loss of generality, and thus we can reproduce the deterministic transformation 
from the state to the state {ip') by performing an A-dissipationless DMT T^^ 
and a -B-dissipationless DMT whose transfer parameters are a a = 3'acI Jac and 
«B = jsc/jBC, respectively. Therefore we have proven the third and fourth rows of 
Table E 

In the Case 8-2, where none of Jab, Jbc and Jac is zero and at least one of j^^, 
j'^Q and j'j^Q is zero, the initial state is EP definite while the final state is EP indefinite. 
Then Theorem 3 guarantees that the final EP-indefinite state is a full-separable 
state or a biseparable state. In the case where the state \ip') is full-separable, the 
transfer parameters a^, as and ac which are all zero satisfy fl6.269p . In the case where 
the state \ip') is a biseparable state, we can assume that j'^^ ^ and j'j^fj = j'^^ = 
without loss of generality. Then, Theorem 4 and Jabc = give that Jab < Jab- Hence, 
c^A = Jab/ Jab, a_B = 1 and ac = are indeed from zero to one and satisfy f l6.269p . 
Thus, we have proven the statement S" in the Case 8-2 too. 

In the Case 8-3, where all of the J-parameters Jab, Jbc, Jac, J'ab^ Jbc Jac 
nonzero, the existence of the transfer parameters a a, Q^b and ac which are from zero 
to one and which satisfy f l6.269p is equivalent to the following statement SD: There 
are real numbers aAB-, otAc and asc which are from zero to one and which satisfy the 
inequalities 

OlAB > aACO^BC, OlBC > aABOlAC, OLac > aBC^AB (6.274) 

as well as the equations 

OiAB = Jab/ Jab, cxac = Jac/ Jac, oibc = Jbc/ Jbc- (6.275) 

In order to see this equivalence, it suffices to note that the transfer parameters 
a A, 01 B and ac can be expressed as a^ = aAcOiBc/(^AB,opA = c^ABdAc/c^BC and 

a| = aAB^Bc/o^AC- 

We show the statement 5"' by using the equivalence between the statement SD and 
the existence of the transfer parameters a a, cxb and ac- We show the statement S" 
by mathematical induction with respect to the number of measurement times N . For 
= 1, the statement S" clearly holds. Let us prove the statement S" ioi N = k + 1, 
assuming that the statement S" holds whenever 1 < N < k. 
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First, let us define parameters which are necessary for the proof. We refer to the first 
measurement of the deterministic LOCC transformation from the state {ip) to the state 
l"^') as {M(j)|2 = 0, 1} and refer to the ith result of the measurement {M(j)|i = 0, 1} as 
^ip^'^^Y Because of the assumption for N = k, the transformation from the state ^ip^'^'^'^ to 
the state can be reproduced by a C-LOCC transformation. Thus we can define real 
parameters a%, a% and a^J^ as a% = ]'ab/& «Sc = J'acUac and a% = i'scliBC^ 
which are from zero to one and which satisfy the following equations: 

o^AB > o^AcO^BC. (6.276) 

«BC > o^abO^ac. (6.277) 

a% > a%a%. (6.278) 

We define a real parameter 7*^*) as 7^*^ = j^^]j/jBC and define a^*^ as the multiplication 
factor of the measurement {M(j)|i = 0, 1}. 

Next, we carry out the proof of the statement S" for N = k + 1. In order to show 
this, it suffices to prove the following inequahties because of the statement SD: 

aAB > aAcaBC, ciBC > dABaAc, olac > «BcaAB, (6.279) 
< «AB < 1, < «Ac < 1, < aBc < 1, (6.280) 

where uab = Jab/Ub, ocac = fAc/Uc and ubc = Jbc/Jbc- Note that the following 
equations hold: 

aAB = a^'^a%, aAc = aBc = 1^^ a^Sc- (6.281) 
Because of (16.2811) . the inequalities (I6.279P is equivalent to the following inequalities: 

c^c^^ > a«a$;,7^^^4L, (6-282) 

7«ag),, > (a«)2a« a« , (6.283) 

c^o% > ««4),7««« , (6.284) 

Let us first prove (16128(1 and then (16:2821) - flOMll . Because of flOSB . the 
quantities a^'^^a^/f^ and "y'^^'^a^sc independent of i. All of a^^, and 

are from zero to one. The real numbers a^*^ and 'y^^'^ are from zero to one for at 



least one of i, which can be seen by substituting Jabc = in ( 1A.51I) and the inequality 
(lA.SOp . Thus the products and 7*-*^a^|^ are from zero to one for both 

i. Note that a'^^^a^^, a^^^a^^^ and 7^*^^^^ independent of i. Now, we have proven 

(K2m . 

Next, we prove (16:2821) -( lOSll . The products a^''^a%, a^''>a% and -r^'^a% are 
independent of i and the inequalities ( I6.282p -( l6.284l) are equivalent for i = and i = 1. 
At least one of a^'^^ and a^^^ and at least one of 7^°-' and 7'-^^ are less than or equal to 
one. We can assume that the real number 7*^"^ is less than or equal to one without loss 
of generality. Then, dOTe]) and dOTH]) are followed by (16:2821) and ^MM- The rest 
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is f l6.283p . If this were invalid, fl6.277p would be followed by the inequality 7*^*) < (a^*))^ 
for all i. The inequality 7*^°^ < {a^^^Y would mean that 

^ < (6.285) 

Pm P(o) 

and 7*-"^^ < (a*-^-')^ would mean that 

1-6 (1 - a)(l - b) - 
< ^ jf . 6.286 

The inequality f l6.285p would give that p(o) < a. Then, the inequality 1 — p(o) > 1 — a 
would hold, but this contradicts f l6.286p . Hence, (I6.283P holds so does the statement 

s"n 

Note that Main Theorem 2 also has been proven in Theorem 8, because of the 
statement S" and because an arbitrary C-LOCC transformation can be reproduced by 
three DMTs. 

Now, we have completed the proof of Main Theorems. 

Finally, we prove Table [H Main Theorem 2 gives the first row of Table [H In the 
section 6.2, we have obtained the second row of Table [1] In the Case 8-1 of the proof 
of Theorem 8, we have proven the third and fourth rows of Tabled] The fifth and the 
last rows have been proven in Ref . [21] . We thereby completed Table [H 

7. The judgement protocol 

In the present section, we give the protocol of determining whether a deterministic 
LOCC transformation from an arbitrary state lip) to an another arbitrary state lip') is 
executable or not. 

1 Examine whether Jabc 0- If Jabc 0; proceed to 2-A. If Jabc = 0, proceed to 
2-B. 

2- A Because Jabc 7^ 0, we have Kab = Jab + Jabc 0, Kac = 3ac + Jabc 7^ 

and Kbc = Jbc+Jabc 0- Thus the fractions K'^^/Kab, K'j^c/^ac, K'^c/^bc 
and Jabc/ Jabc are definite. Examine whether Jabc/ Jabc = 0. If Jabc/ Jabc 0, 
proceed to 3- A- A. If Jabc/ Jabc = 0, proceed to 3-A-B. 

3- A-A Examine whether the expressions K'^^/Kab 7^ 0, K'j^(j/Kac 7^ and 

K'^(j/Kbc 7^ hold. Unless all of these three expressions hold, the deterministic 
transformation from the state \ip) to the state \ip') is impossible because of j'abc 
and fl2.8p -f l2rT0|) . If all of the three expressions hold, we can define real parameters 
C) Ca, Cb and Cc as follows: 
JabcKbc 
Jabc-^'bc 
Jabc^ac 
Jabc^ac 



JABC^^BC -I N 

,■'2 

/- Jabc^^ac 



■'2 ly' 

/■ JABC^AB q\ 

- -2 (7.3) 

Jabc-'^ab 
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JabcCaCbCc 

Examine whether the state {ip') is EP definite. If the state {ip') is EP definite, 
proceed to 3-A-A-A. If the state {ip') is EP indefinite, proceed to 3-A-A-B. 

3-A-A-A Examine whether the (^-specifying parameter ( defined by (13. 3p is definite. If 
the ^-specifying parameter ( is definite, proceed to 3-A-A-A-A. If the (^-specifying 
parameter ( is indefinite, proceed to 3-A-A-A-B. 

3-A-A-A-A The deterministic LOCC transformation from the state {ip) to the state 
\ip') is executable, if and only if the parameters (, (a, (b and (c satisfy Clower — 
C < 1, < a < 1, < Cb < 1, < Cc < 1, dilll), C = C and Qe = Q'e, where 
Clower is defined by ([32]). 

3-A-A-A-B The deterministic LOCC transformation from state \ip) to state \tp') is 
executable, if and only if the parameters (, (a, Cb and (c satisfy Clower — ( — 
< a < 1, < Cb < 1, < Cc < 1, dSIl) and |g^| = sgn[(l -(){(- Wr)]- 

3-A-A-B The deterministic LOCC transformation from the state \ip) to the state \tp') 
is executable, if and only if the parameters (, (a, (b and (c satisfy Clower — ( — 
< Ca < 1, < Cb < 1, < Cc < 1 and (EH). 

3-A-B Because Jabc — 0' there are C, Ca, Cb and Cc which are from zero to one and 
satisfy (13. ip . then at least one of C, Ca, Cb and Cc is equal to zero because of (13.11) 
and the expression Jabc 7^ 0. Therefore, at most one of K'j^^, K'j^fj and K'^^ is 
nonzero. Hence, the deterministic LOCC transformation from the state \ip) to the 
state \ip') is executable if and only if Jabc — ^i J'b — 0; least two of the three 
parameters -ft'^s, -K^^c K'^q are zero, and the remaining one is less than or 
equal to the corresponding K-parameter of Kab, Kac and Kbc- For example, if 
^AB 0) then the inequality K'^^ < Kab is the condition. 

2- B Examine whether the initial state is EP definite. If the initial state is EP definite, 

proceed to 3-B-A. If the initial state is EP indefinite, proceed to 3-B-B. 

3- B-A In this case, C = 1 holds, because of i\BC — 0; Clower — C ^ 1 and 

JABJAcjBC 0. The equation J5 = y/2jABjAcjBC holds because Jabc = 0. Then, 
the deterministic LOCC transformation from the EP-definite state \ip) to the state 
\ip') is executable if and only if there are (a, Cb and Cc which are from zero to one 



and satisfy the following equations: 

K'^s = (aCbKab, (7.5) 

K'^c = CaCcKac, (7.6) 

K'bc = CbCcKbc, (7.7) 

Jabc = 0, (7-8) 

J5 = CaCbCc^s- (7.9) 

The above equations are equivalent to the following equations: 

K'^^K'^cKbc = CIKabKacKc, (7.10) 
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K'^j,KacK'j,c = CIKabK'acKbc, (7.11) 

KabK'acK'bc = CcK'abKacKbc, (7.12) 

j'Ibc =0, (7.13) 

4 =CaCbCcJ5. (7.14) 

Hence, the deterministic LOCC transformation from the EP-definite state lip) to 
the state lip') is executable if and only if the following inequalities hold: 

K'^sK'acKbc < KabKacKc, (7.15) 

K'^^KacKc < KabK'acKbc. (7.16) 

KabK'acK'bc < K'^bKacKbc, (7.17) 

j'Ibc = 0, (7.18) 

= ^K'^^K'^cKcJ^- (7.19) 

3-B-B In this case, the state is EP indefinite, and hence J5 = holds. Therefore 
the deterministic transformation from the EP-indefinite state {ip) to the state \ip') 
is impossible if J5 7^ 0, because of (13. ip . In the case of J5 = 0, we define real 
parameters C'^, (b and Cc as (a = VCCa, Cb = VCCb, Cc = VCCc- Then, the 
deterministic LOCC transformation from the EP-indefinite state to the state 
\ip') is executable if and only if there are (a^ C_b and (q which are from zero to one 
and satisfy the following equations: 

(7.20) 
(7.21) 
(7.22) 
(7.23) 
(7.24) 

The above equations are equivalent to the following equations: 

K'^^K'^cKbc = CaKabKacK'sc, (7.25) 
K'^^KacK'bc = CbKabK'acKbc, (7.26) 
KabKcK'bc = CcK'abKacKbc, (7.27) 
j'Ibc = 0, (7.28) 

f, = 0. (7.29) 

Hence, the deterministic LOCC transformation is executable if and only if the 
following inequalities hold: 

K'^sK'ac'Kbc < KabKacK'bc, (7.30) 

K'^sKacK'sc < KabK'acKbc, (7.31) 

KabK'acK'bc < K'^^KacKbc, (7.32) 

j'Ibc = 0, (7.33) 

J', = 0. (7.34) 



K'ab 


= CaCbKab- 


K'ac 


= CaCcKaC: 


K'bc 


= CbC'cKbc 


jIbc 


= 0, 


4 


= 0. 
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8. Conclusion 

In the present paper, we have given four important results. First, we have introduced 
the entanglement charge Qq. This new entanglement parameter Qq has features which 
the electric charge has. The set of the six parameters {Jab, Jac, Jbc, Jabc, -hiQe) is a 
perfect set for LU-equivalence; arbitrary three qubit pure states are LU-equivalent if 
and only if their entanglement parameters {jabci Cab, Caci Cbc, J5, Qe) are the same. 

Second, we have given a necessary and sufficient condition of the possibility of 
deterministic LOCC transformations of three-qubit pure states. We have revealed that 
we need six entanglement parameters in order to describe deterministic transformations 
of three-qubit pure states. In other words, we have revealed that three-qubit pure states 
are a partially ordered set parametrized by the six entanglement parameters. 

Third, we have given the minimum times of measurements to reproduce an arbitrary 
executable deterministic LOCC transformation. We can realize the minimum times by 
performing DMTs. We can also determine the order of measurements; we can determine 
which qubit is measured first, second and third. 

Fourth, we have clarified the rules of the change of the entanglement parameters. 
The rules indicate the transfer of entanglement. When one qubit is measured, the 
entanglement moves from the tripartite entanglement to the bipartite entanglement 
between the other two qubits. For example, if the qubit A is measured, the tripartite 
entanglement Jabc among the qubits A, B and C is squeezed into the bipartite 
entanglement jbc between the qubits B and C. This implies that the tripartite 
entanglement is a higher entity than the bipartite entanglements. 

Is there entanglement transfer for a stochastic LOCC transformation? For this 
question, the present paper has given a partial answer. Let us see the inequalities which 
is given in Lemma 2: 



The left inequality means that the bipartite entanglement jbc between the qubits B 
and C increases when the qubit A is measured. The right inequality is equivalent to the 
following inequality: 



because j^BC ~ ^{i)jABC- We can interpret the left-hand side of (18. 2p as the sum of the 
bipartite entanglement jsc between the qubits B and C and the tripartite entanglement 
Jabc among the qubits A, B and C after a measurement. On the other hand, the right- 
hand side is the sum before a measurement. Thus, (18. 2p means that a measurement 
decreases the sum. Note that the bipartite entanglement jsc of the qubits B and 
C increases, whereas the tripartite entanglement jabc among the qubits A, B and 




(8.1) 




(8.2) 
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C decreases. To summarize the above, a kind of dissipative entanglement transfer also 
occurs for a two-choice measurement which are not a DM. It is expected that the transfer 
occurs for an n-choice measurement too. Indeed, the left inequality of (18.11) also holds 
for an n-choice measurement. However, the right inequality of (18.11) for an n-choice 
measurement has not been proven yet. 

In the present paper, we have exhaustively analyzed deterministic LOCC 
transformations of three-qubit pure states. This is the first step of the extension of 
Nielsen's work [Tl] to multipartite entanglements. 
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Appendix A. Equation List 

In the present Appendix, we list up equations which are often used. 
The general Schmidt decomposition is given by 

= Ao |000) + Aie^'^ |100) + A2 1101) + A3 |110) + A4 |111) . (A.l) 

This corresponds to (12.11) . The definitions of the entanglement parameters jab^ Jac, 
Jbc, Jabc and J5: 

JAB = A0A3, (A.2) 
Jac = A0A2, (A. 3) 

JBC= |AiA4e^'^-A2A3|, (A.4) 
Jabc = A0A4, (A. 5) 

^5 = A^(j|c + A^A^-A?AD- (A.6) 

These correspond to (I2.2l) -( l2l6l) . The definitions of the entanglement parameters Kab, 
Kac and Kbc- 

Kab= 3\b+ 3abc^ (A-7) 

Kac = 31c+31bc^ (A.8) 

Kbc=31c+31bc- (A.9) 

These correspond to fl2:8l)- flA9l) . 

The definition of abbreviations Jap? -^ap and 

Ja.p = 3\b3\c31c^ ^ap = ^ap, ^5 = 3\bc + ^5- (A. 10) 
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This corresponds to (12.111) . The ambiguity of J-parameters is 





■J5 + jIbc ± 

\J EC ' J ABC / 


(A.ll) 


(A^)^ = 


Jac 

1^0 ) 


(A.12) 


(A^)^ = 


Jab 

1^0 ) 


(A.13) 


(Aj)^ = 


J ABC 

(Ao^)^' 


(A.14) 


(A^)^ = 


1 ^±^2 J AB ~^ J AC ~^ J ABC 


(A.15) 


coscp"^ = 


2A| A2 A3 A4 


(A.16) 



where 



A 



Ki - AKap > 0, 



< V? < TT. 

These correspond to f l2J2|) -f l238|) . The definition of Qe- 

JaBC + "^5 



sgn 



sin {p I Xq — 



(A.17) 
(A.18) 

(A.19) 



2(Jbc + jABc)J. 

This corresponds to fl2.20p . The equations which determine the general Schmidt 
coefficients from J-parameters and Qe when Qe is not zero: 



A 



J5+JABC+QeV^ _ K^+QeV^. 



"^Ubc + Jabc) 



2K 



bc 



(A.20) 
(A.21) 
(A.22) 
(A.23) 
(A.24) 

cosy?= — - " , (A.25) 

ZAi A2A3A4 

where + is + or — when {\i,ip\i = 0,...,4} is positive-decomposition coefficients or 
negative decomposition coefficients, respectively. These correspond to (I2.22p - fl2.27p . 
Another expression of J5: 

J5 = 2AoA2A3(A2A3 - A1A4COSV2) 

= 2jABjAc(A2A3 - A1A4COSV2) 

A2A3 — A1A4 COS 93 



A 



X2 
-^3 



A 



A? 



Jac 
Jab 

^0 

J ABC 
X2 ' 

1 X 2 Jab + JaC + J ABC 

i - Aq 



AiA| + A2A3 



X2 

" Jbc 



'^jABjAchc- 



IA2A3 - AiA4e^^| 



(A.26) 
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This corresponds to (12.281) . The inequahties which the J5 satisfies: 

A2A3 — A1A4 COSip 



< 



< 1. 



IA2A3 - AiA4e^'^| 
This corresponds to (12.291) . The definition of the EP: 

= cosy^s. 

'ijABjAcjBC 

This corresponds to (12.311) . The relation between (p^ and (f: 

jBC-sinv^s = +AiA4sinv?. 
This corresponds to (I2.32p . The expression which is derived from ( ]A.29P : 

sin ip^ = sirup = 0. 
This corresponds to (12.33^ . The definition of a, b, k, < 6 < 27t: 

a ke~^^ 



(A.27) 

(A.28) 

(A.29) 
(A.30) 

(A.31) 



This corresponds to (I2.45p . The definition of the parameters a, b, k and 6 for a two- 
choice measurement: 



<)^(o) 



0(0) 

k^o)e''^o) 



fc(o)e-^^(o) 
bio) 



a(i) 

k^i)e''w b^i) 



a ke 
ke''' b 

1 - a -ke-'^ 
-ke'^ 1 - b 



(A.32) 



(A.33) 



These equations correspond to (I5.15P and (I5.16p . The expression of in terms of a 



b{i), ki^i), < %) < 27r: 



= Xla^i) + (1 - Ao)6(i) + 2AoAi%) cos (6'(i) - (p). (A. 34) 

This corresponds to (I2.47p . The changes of the coefficients of the general Schmidt 
decomposition by a measurement on the qubit A: 
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These correspond to fl2.49l) - fl2.53p . The changes of the parameters Jab, Jac, Jabc, Jbc, 
Kab and K^c by a measurement on the qubit A: 



jil = C^^'^JAB = ^ (A.40) 

Pii) 



J% = c^^'^Ac = ^ (A.41) 



ji^BC = Oi^'^3ABC = ^ , (A.42) 

P{i) 

K% = {a^'^fKAB, K% = {a^^fKAc (A.43) 

P{i)jBc = |AoA4%)e''(') - (A2A3 - AiA4e''^)6(,)| 
= |%)jABce*'« - 3Bc\i)e-''^'\ 

= \h)UBce'^'^^^+^'^-jBchii)\. (A.44) 

These correspond to f l2.54p - p.56p . f l2.59p and f l2.58p . The definition of the multiphcation 
factor 



_ _V (A.45) 

This corresponds to f l2.57p . The change of the quantity jbc cos ip^ by a measurement 
on the qubit A: 

P{i)& cos ipf = \{)jBC cos V?5 - k(^i)jABC COS 6'(i) . (A.46) 

This corresponds to f l2.62p . The change of the average of the quantity Jbc cos (p^ by a 
measurement on qubit A in the two expressions: 

- A«Af cosv^W) = A2A3 - AiA4Cosyp, (A.47) 

i 

Pii)^BC COS ^ = JbC cos (/^g. (A.48) 

i 

These correspond to f l2.66p and f l2.67p . The change of average of the quantity A1A4 sin (p: 

n n 

Y.P(i)^^ sin(^« = 5^6(i)Af^A? sin(^« + %)Ai'^A? sin^(,) = X^X^sm^. (A.49) 

4=1 i=l 

This corresponds to (12.681) The change of the average of a^*^: 
1 

< 1. (A.50) 

k=0 
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This corresponds to fl5.40p . The change of jsc caused by a measurement on the qubit 
A: 



Jbc < J2p(')^bc < 



i=0 



3lc + 



.fc=0 



This corresponds to (15.171) . The inequahties of Corollary 1: 



Jbc sin V5 > j'lcsinVs, 



Jbc — ^'bc — fsc + Jabc — ^bc — Jbc + Jabc^ 



a; 



A', 



norm — ^4 



Kl - AKabKacK'bc > Aj, 



They correspond to fl5.28p - fl5.30p . 



Abc- 



(A.51) 

(A.52) 
(A.53) 

(A.54) 



Appendix B. The proof that Qe is a tripartite parameter 



In the present appendix, we show that Qq defined in (12.201) is a tripartite parameter; in 
other words, we show that Qq is invariant with respect to permutations of the qubits 
A, B and C. 

First, we perform the proof in the case of Qq = 0. Because of flA.lip and flA.lQp . the 
equation Qq = holds if and only if Aj = V sin = 0. Because of flA.SOP and flA.28p . 
the expression Aj = V sirup = is equivalent to Aj = V | J5I = 2iAB3Ac3BC- Thus, 
Qe = is equivalent to Aj = V | J5I = '2.iAB3Ac3BC- Therefore, if we can show that 
the expression Aj = V | J5I = 2jABjAcjBC is invariant with respect to permutations of 
A, B and C, we can also show that Qq is invariant with respect to the permutations. 
The parameters J5 and 3ab3ac3bc are invariant with respect to the permutations of 
A, B and C [20j. This fact and f lA.lTp give that Aj is also invariant with respect to 
the permutations of A, B and C. Hence, the quantities Aj, J5 and 3ab3ac3bc are 
invariant with respect to the permutations of A, B and C, and thus if Qq = 0, then Qq 
is invariant with respect to permutations of A, B and C. Namely, if Qq = 0, then Qe 
is a tripartite parameter. 

Second, we perform the proof in the case of Qq = ±1. In order to show this, we 
only have to show that Qq is invariant with respect to the permutation of A and B, 
because if we can prove the invariance with respect to the permutation of A and B we 
can also prove the invariance with respect to the permutation of A and C or B and C 
in the same manner. 

Let us derive the generalized Schmidt decomposition whose order of the qubits is 
BAC and see the expression of Qq in the new decomposition, which we refer to as Qq. 
The generalized Schmidt decomposition of {ip) is expressed as 

1^) = Ao \OaObOc) + Xie'^ IUObOc) + X2 lUO^lc) + A3 \IaIbOc) + K lUl^lc) ■ (B.l) 
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We can assume that (IB.ip is a positive decomposition. Let us permute A and B of 
dHU): 

IV") = Ao \ObOaOc) + \ie'^ |0bU0c) + A2 \QbIaIc) + A3 |1bU0c) + A4 \IbIaIc) • (B.2) 

In order to put (]B.2|) in the form of the generahzed Schmidt decomposition, let us define 
pure states |0^), |0'^), |0^) and as follows: 

-e-^^MU), 11:4) = |0a), (B.3) 



10:4) 

|OB) = -e^^MU), 11:4) = |0a), 
|Q. ^ A3|0c) + A4|lc) A4|0c)-A3|lc) 



a/Aj + A4 



a/aITa^ 



(B.4) 
(B.5) 



where ^95 is defined in f l2.60p . The equation flB.2p is expressed in terms of |0^), 
IO'b), lO'c) and \l'c) as follows: 



.2 , x2in'n'n'v ■ -^"^^(AiAse^'^ + A2A4) 



A^ + K Wa^c) + 



IA2A3 - AiA4e 
v/AlTAf 



|1bOa1c) + 



a/aJT^ 
A0A3 



II'bO'aO'c) 



|1a1bOc) + 



A0A4 



v/AfTA^ 



ll^i:,!^). (B.6) 



Note that (1B.6P is the generalized Schmidt decomposition whose order of the qubits 
is BAC. The coefficients of flB.6l) correspond to the coefficient of fIB.ip : a/A| + A| 
corresponds to Aq, — e*'^^(AiA3e*'^ + A2A4)/ A/A3 + A| corresponds to Aie*''', and so on. 
Let us refer to Qq for ( ]B.6P as . Because of the definition of Qe and f lB.6p . 



Qq = sgn <! Im 



-e^'^5(AiA3e*'^ + A2A4) 



sgn < Im 



KAiAse^^ + A2A4 
e*'^s(AiA3e^'^ + A2A4)' 



sgn ( A3 + A4 



2KacJ 



(B.7) 
(B.8) 



|(AiA3e^^ + A2A4) 

holds. Then, we can complete the proof by showing that Qe = Qq. Because (IB.ip is a 
positive decomposition and flA.20p . the following two equations hold: 

-e^'^5(AiA3e^^ + A2A4) 



sgn < Im 



sgn {lm[-jBce''^^(AiA3e*'^ + A2A4)]} 



|(AiA3e^'^ + A2A4)| 
sgn[AiA3 sin A2A3 + A1A4 cos ip) — A1A4 sin ip^XiX^ cos ip + A2A4)] 

sgn[-AiA2(A2 + A^) sin = -L (B.9) 



sgn ( A3 + A4 



2KacJ 



\ (Kab 
= sen —7^ 



V ^0 



2K 



AC 



Sgn 



2KabKbc 



K, + Qey/A] 2Kac) 



sgn 



sqn 



^ap 

2Kac{K5 + Qe^j) 



sgn 



-(v/A7 + ge^5)VA7 
2Kac{K^ + QeV^) 



2Kac 



(B.IO) 



Because of flRSl) . flROl) and fiRlOl) . we obtain Qe = Q^. □ 
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